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#a �� 'O Q-�� !�R (%!%(�j��U�U�O- (����%!%'U�U�$B�4 !$KU+U�0

OL ')+X���O��+���- ')�$K�  ���$%���(� ��$ " 
#]���%' E"Y !O Q-�� !$6�-�.$�"6 'O QL)+ !�L�P���R ($4�.$�X���O�U�"6"#U� '${a�l�*- '�R�.OL"6 '"6*- 

a · b = ab
a�����"Y"�)+*L�-)+$

Σ
z+�.$5�.O-)� '�/��*L���7q���XK����*L����X434)�%' 'O�eYu4��U�*L�PU7"#U�e6������U+U�$y�R�.O10

"6 '$k�PU+U
Σ+

Q-�d*-�.$���%'"6 !)+ (���H"Y3���*-3��P�+��$ ).��� 
�"* )�" a5��34$&��U�uKU�$&X435)+%' !OLeYu4�/U+U�$�%' !*�U���U+U�$
eY"6"�i+*���%'"6 ')�"Y*L ��2eYu#Q-UV*���$4�

1
]4*��+��84�+��$�q#��*L���+�xq#�Vq#��XK�+��*��� �z��.$4��O-)+ (��3��/)�$4)+ '85 

Σ∗
a

����"6"�)+*���)+$
Σ
 �" ����"* )�"�"635��*L35�P����$��/)+$5)+ '85 !$

Σ∗
)�*���QL)+34"6"�)#Q-�5aK�5��$4)#QL��$�"#�#���.$4�+�#0

�- ')`%��+��QL��$4$4�����+��$�"6 '��%!�-�.$&q�U�%! '*L�."6*- ��5 '$KU+U�O- ')�X��.O-�+���- !)�"Y*L {�/U+U�O- (�-�-�.%!�.�/U�%!%!U

AB = {αβ | α ∈ A, β ∈ B}, A,B ⊆ Σ∗.

��U�%!%�Us�5 '$KU�U�O- !)+X��.O-�+���- !)�%!%!�@q#��O-35*L���n�-��3EX�)��-�.$4*L*- QL)+34"6"�)
℘(Σ∗)

�d34)Y85)+*L���+��$keY�}�R)+$4)+ W0
84 !${]LQL)+$5"#��$5�.35�-O��+��%! ���%("6 !)+$K��)+$E*- '$5z+%'�n��)+$#QL)�34"6"�)
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a��
 !�.%!�.$

X
*L '*�U�%!��U��R !��$
*���$4)#QL�.$

%!34"634��U�U�O�U�*��PU7"�Uxe6���n�PU+U�$|�PU�*-*�U&�2e+i+*L*�U��R�.OL"6 '$6��U+U
|X|

Q-�&�R�.OL"Y !$6��U
|w|

����O-"�)� !�-���+�
*-��$K��$

w ∈ Σ∗
X4 (��3435�L�P�5a

�
 !�.%(����$
A
Q-�
B
QL)+34"6"�)�0\)+X4 !%'%! (*-��*L�P��34$4 !)+$4 '*��P�

A∪B
"#Uxe6�-���PU�U�$/��U���U�$R�.*L !�2eY"Y*L�.$

*-U+U�$4$4i�%'%' (*- !*-*-UH%'��34*L�."6"��. !*-*��d�R�.OL"6 '$6��U+U
A+B

a4����O-"6 '$k�PU+UEq+)+ '8K����$�X��.OL34*L�-�.%'%'�H*- !%'%'U5]
�n�-�PU&"�������$K�+���- ')+%!%'�
Q-�734$4 !)+$4 !%'%!�/q#��O-34*����n�-��3SX�)�����$4*-*L QL)+35"Y"�)

℘(Σ∗)
)+$|X434)+%! 'O-��$4zk��*.]

_



QL)+$5"#�V$4)�%'%���02��%("6 ')�$K�j)+$��2eYu#Q-U�QL)+34"6"�)
∅
aKlZOL !�2eY '*-��*L�- �)�q#����q+)� '�/��*-*-�`84 !*L��OL '�43��� ' WqY !%'�� (�

(A+B)C = {uv ∈ Σ∗ |u ∈ A+B, v ∈ C}

= {uv ∈ Σ∗ |u ∈ A, v ∈ C}+ {uv ∈ Σ∗ |u ∈ B, v ∈ C}

= AC +BC ∀A,B,C ⊆ Σ∗

Q-�

C(A+B) = CA+ CB ∀A,B,C ⊆ Σ∗.

�5������%!%'�H�P��q+)+ !$�84 '*���OL '�435�- ' Wq� !%!�� W��)�q��#��q+)+ !����*-*��`U+U�O-�n�-�-i+�/ !%(%!��*L34�R�/ !%!%!�

(
∞∑

i=0

Ai)C = {uv ∈ Σ∗ |u ∈
∞∑

i=0

Ai, v ∈ C}

=
∞∑

i=1

{uv ∈ Σ∗ |u ∈ Ai, v ∈ C}

=
∞∑

i=1

(AiC) ∀Ai, C ⊆ Σ
∗

Q-�

C

∞∑

i=0

A1 =
∞∑

i=0

(CAi) Ai, C ⊆ Σ
∗.

�
 !�.%(����$�X�)����.$5*-*- !%'%'�d)+$�%'35)+$4$4)+%!%! !$5�.$&�R�.OL"Y (�1eY"6*-��$4*�UR"��.OL�-)+%���*-"634$�%!eYu4��$4$6eY*-�R��O�0
"6 '$k�PU�$4UJQ-�V*L�E�/U+U�OL !�-�.%!%!U+U�$���*L���-�����/��%'%'�jOL�."634O-*L ' (q� !*-��*L�� 

A0 = {1}, A1 = A
Q-�

An = AAn−1.

��)��-�.$4*L*- !�.$�U+U�OL���L��i+�R '$4Ud34$5 ')+$4�� '$4�`*�����8K�+��$�� �*�'��� ��� &(��� )�� � �,$��	��$ " 
'&�� � � ��$ " 
�$

A+ = A+ A2 + A3 + · · · =
∑

i>0

Ai =
∞⋃

i=1

Ai

Q-�

A∗ = {1}+ A+ A2 + A3 + · · · =
∑

i≥0

Ai =
∞⋃

i=0

Ai.

�� '��%' 
A+

)+$V"6 '��%'��$
A
z+�.$5�.O-)� '�/��X435)+%' !OLeYu4�/U5a#�=��*L�P���xq���*L�� 

A∗
)�$R"6 '��%'��$

A
z+��$4�.OL)+ (0

�/�J�R)+$4)� '84 !$
Σ∗

��%' !�R)�$4)+ (84 �a
A+

Q-�
A∗

�� !q�U#��)�%'�Zq�U�%!�L�PU��/U��L�PU�q���XK�+��*��� �z+��$4�.OL)+ !�-3#Q-�5]
"635�-�.$

Σ+
Q-�
Σ∗
a

?



~�)+34"6"�)+ '$4�M"6 !�.%! '%!%(�B)�q��#��%!34)+$4$5)+%'%! (*-��*L�- '"6 '$ q+)+ !����*-*��m"#�� '"6"6 ����xq���%!%' (*-�n�jQL)+34"6"�)�0
)+X5 '$�*-U+U�$4$4i���]K"635�-�.$�84�H��)+OLzk��$4 !$�"#���xq��

(Σ∗ \ A) ∪ (Σ∗ \B) = Σ∗ \ (A ∩B)

Q-�7*-�.$S843K����%' �"#�+��q��5a �=��*��P�+��q����
"��+�xq��#�
)�q��#���� '�n����$4"6 '$gq+)� '�/��*-*-�7�de�i+*�*- !%'%!)+ (${]kQL)+*
X���O-34* QL)+34"6"�)+$K�R"#Uxe6���n�PU�U�$��R)+$4)+ !84 !$

Σ∗
*- Q-��*L�P�dX434)+%! 'OLeYu4�/U+U

Σ+
a

< �*�*+,�!��"#-.'(� ���1
�� �5��$4��$
u ∈ Σ∗

*���$4)��P����$
)+%'�nq���$
*���$K��$
w ∈ Σ∗

& � ���  )�" ].��%' �����) ���
$%�' �" � ��]�QL)+*

w = uv
QL)+%!%���"6 !$7*-��$K��%!%��

v ∈ Σ∗
a4��U�%!%'i� !$7"�Uxe6���n�PU+U�$��je+i+*L"Y !$��R�.OL"6 '$6��U+U

u = wv−1
]4�.%' 

u
)+$�*-��$K�5]#QL)+"#�`*��+��84�+��${]4"634$�*���$K��$

w
%')�X434*L���`X�)+ '*��������+��$�*���$K�

v
a

�=��*L���+�xq#��*L�- K*���$4�
u ∈ Σ∗

)+$V*���$4��$
w ∈ Σ∗

)����0 )�" ]+��%' 
�"* � �
$%�' �" � ��]nQL)+*
w = vu

QL)+%!%'��"6 !$&*���$K��%!%��
v ∈ Σ∗

Q-�d�PU�*L�PU`"#U�eY�-����U+U�$��/��O-"6 '$k�PU+U
u = v−1w

a

���.34O-�+�xq#��"6*- Z%����#QL��$4$4�n�P�+��$|*-��$4)#QL�.$SX4O-�
	K"6*- !$&Q-��*L3��R"6*- '$y�/U+U�OL !�-�.%!�RU�*L*�U7"#Uxe6�L0
�-iYi+$�)������-35���R�.OL"Y !$4$KU#��"6 '��%' '%(%!��a

< �*�*+,�!��"#-.'(�(��� ��� �� !�.%!�.$
L1

����) ��� 
 ).��� � � � �R"6 '��%'��$
L2

*L34u6�-�.��$�)+$�"6 !�.%' 

L−12 L1 = {u
−1
2 u1 |u1 ∈ L1, u2 ∈ L2}.

L−12 L1
)+$�*- ' !*E"Y !�.%! �]�QL)+"���"�)Y)+*���343r"6 '��%'��$

L2
*���$5)+ '%!%'����%!"#�xqY !�.$�"6 !�.%'��$

L1
*-��$4)#QL�.$

%!)+X4X434)�*- '*��P�5a
�� !q#��$&q���*L���+�xq#��*L�- }"6 !�.%'��$

L1

�"* � � 
 ).��� � � � �R"6 '��%'��$

L2
*L34u6�-�.��$�)+$�"6 !�.%' 

L1L
−1
2 = {u1u

−1
2 |u1 ∈ L1, u2 ∈ L2}.

> �&�.')"<+C= =:�:��� /�� 
�%!"�)Y)��
X = {aa, ab, ba, abb, bab}

]
Y1 = {a}

Q-�
Y2 = {b, ab}

a+��eY�
)+*-���/U+U�O�U�"Y !�.%! ($KUj*��+��84�+��$

Y −11 X = {a, b, bb}, XY −11 = {a, b},

Y −12 X = {1, a, b, ab}
Q-�

XY −12 = {1, a, b, ab}.
< �*�*+,�!��"#-.'(� ��� 3
� �� !�.%'��$

L
X4O-�
	K"6*- �)+$�*L�.$�"#�� '"6"6 '�.$&*���$4)#QL��$�"#�� '"6"6 '��$�X4O-�
	K"6*- !�.$

QL)+35"Y"�)

Pref(L) = {u ∈ Σ∗ |uv ∈ L, v ∈ Σ∗}

Q-�dq���*��P�+��q���*��� �"6 '�.%!�.$�*-3��R"6*- })+$�*-��$�*���$4)#QL�.$�"��� '"6"6 '��$�*-3��/"6*L '�.$`QL)+34"6"�)

Suf(L) = {u ∈ Σ∗ | vu ∈ L, v ∈ Σ∗}.

�



> �&�.')"<+C= =:� ��� ;�� 
�%'"�)Y)�$
X = {aa, ab, ba, abb, bab}

aK��e6�

Pref(X) = {1, a, b, aa, ab, ba, abb, bab}

Q-�

Suf(X) = {1, a, b, aa, ab, ba, bb, abb, bab}.

��U�*-*-U7�/U+U�O- (�-�.%!�/U�*-*-UR)+$BX4OL� 	K"6*L '�.$/Q-�/*L3��R"Y*L '��$|X���O-34* QL)+34"6"�)+$K�7"#U�e6�����L�1e��/)#0
$4)� '84 '�

Σ∗
a���e+i+u4���/�R '$V�PU�*L*�UE�1e+i�*-*�UH����O-"���*L�-�.%'%'�+��$R"6 '��%' 'U
XKU�U+��*L ���*L*��EX434)+%! 'OLeYu4�/U�$

Σ+
)�*���QL)+34"6"�)+ !$K�5]{QL)�%'%!)+ ($M"#Uxe6�-���PU�U�$

1
0�q���XK�� (�P�|X4O-�
	K"6*-�2Q-U�Q-�S*-3��R"6*-�1Q-��a�lZ%!%'�� �*-��0

"#����$4$634"6*-�.$�q�����O��+�`)�%'��]5$KU� !*L�PU`"�Uxe6���n�PU+U�$�*����/)#Q-�d�/��O-"6 '$k��i#Q-U5]5"634 !$��.84��%'%'U5a

< "<+C=:�.����� ��� A�� 
��������+��$d"�Uxe6�-�-iYi+$d%!eYu4��$4$6eY*-�R�.OL"6 '$6��U�"���u484��$JQL)+34"�)+$
A
Q-�
B
)���� �

�,��$ ��"*) ���#�*��� � 
�$ �  ) ���#�*�
A∆B = (A ∪B) \ (A ∩B) = (A \B) ∪ (B \ A)

a

< "<+C=:�.����� ��� > � 
�%'"�)Y)�$H*-��$K�
w = a1a2 · · · an

]-QL)+*L*��
ai ∈ Σ

a#��e6��*���$4��$
w
&���"#��"* 	� ���

)+$
wR = an · · · a2a1

a��Z��*L���+�xq#��*L�- s"6 '�.%!�.$
L
*���$4)#QL�.$mX��. !%' !"Y3�q� !*L�����d34)Y84)+*���35q#��*L���

"6 '��%'��*L�PU�] &���"#��"* 	������ �" ���*�')�$���]5"�Uxe6���n�PU+U�$��R�.O-"6 !$6�PU�U
LR
a

> �&�.')"<+C= =:� ������� 
�%!"�)Y)��
w = aab

Q-�
L = {a, aab, aba, bba}

a���e6�
wR = baa

Q-�

LR = {a, baa, aba, abb}
a

	�
 	 ��� �����	�
��� ����� � ����
 ����� ��������� ��
 ����������� ���
� ��������
 � ���
������ !)+$K�+��%! (*L����$
"Y !�.%(����$EX��.O-u5�.�."6*- Y"635��*-3��P�+��$HX4 !�.$4 !$6��U�"Y !�.%(���.$sQL)+34"6"�)k�5]LQL)+"#��*L '*�U�%!�PU�U
"#�� '"6"6 @*- !$4z+%!����)�$4"6 '�.%!���

{a}
]4QL)+*-*-�

a ∈ Σ
]KQ-�`QL)+"���)+$�*-34% QL���-�-3rO-���� !)+$K�+��%( !*����.$y)+X��n0

O-�+���� !)+ !84��${]6��%'  �� $%���(� ��$ " 
��K] � ��" 
���"#��*L�."�U`��%'�.��$4��$7��U�uk�� ')�X��.O������� !)+$ ]6��%' �"#$+� � � ��$ " 
��K]
*L34u6�-�.�.$ a

��)Y85���P����${]}���-��U�O-���� !)+$K����%! !*�����$S"Y !�.%(����$&QL)+34"6"�)�)+$y*L34% QL�n�-��3y"#��X4XK��%!�.��*-*���?�"#U�ek0
�-���-��UxqY '��$m)+X��.O-�+���- ')+ !84��$r*-35u6�-�.�.$ a=��U+U�OL !�-�.%'�RU�$4*-U��d35"#�+��$rO����- ')+$K����%! (*L����$r"6 '��%!�-�.$
X���O-u4�E)�$�*-34% QL���L��3�O-���� !)+$K�+��%! !*����.$&)+X���O��+���- ')+ !84��$�*L34u6�-�.��${a

^




�%!���-���P����$���35$4$4���-34"6*- �]����L�PURO-���� !)+$K�+��%! !*L����"6 '��%'�n��q+)+ '84�+��$��/U+U�OL !�-�.%!%!U`��$6�����/��%'%!�
"keY*-�� '*-��$g"6 '��%'��$���34$5$4 '*��P�xq#��U�U�O-��%'%! !$4��$���35�-)+�������-�- /�b 1 a ��U�*L*�U/�.*- (�1eY"6*-��*-*�U -���$%� � �!" �
��"*)�$ "*)�"*)�$ �VQ-� �%& � -���$%� � �!"#��"*)�$ "*)�"*)�$���U+U�OL�.%!%' !*L !*L��U���35�-)+�/�+������ '*��P�5]������¡Q-�����	�
]}"#U�ek0
�-���PU�U�$�*-��34O����xqY ��`��U�U�O- (����%!�R !U5a

< �*�*+,�!��"#-.'(� ����
��
� �n���.OL�/ !$4 '*��� !*-�."6*L {U+U�OL�.%!%' (*-�."6*L {��3���)+�/�+���- !"Y*L � ����� � "635��*-3��P�+��$
qY ' !*- !"Y"�)+�

A = (Q,Σ, δ, q0, F ),

QL)+*L*��

• Q
)+$�U�U�O-��%'%' ($4�.$ $ "#�*
�� ���RQL)+34"6"�)4]

• Σ
)+$�U�U�O-��%'%! !$4��$�����"6"�)+*L�-)4]

• δ : Q× Σ→ Q
)+$ )�"#"�� $ ��� ��� ���  �$ " 
#]

• q0
)�$ ���*
�"#$ � )�$ "#� �
Q-�

• F
)+$ �*
'&���$ � )�$ "#�*
�� ���RQL)+34"6"�)4a

	����#QL��$4$4�n�P�+��$�*- ! 'OL�2eY��U#� 34$4"k�- ')
δ
� 34$5"6�- ')�"Y*L 

δ∗ : Q× Σ∗ → Q
��U+U�O- (�-�-�.%!�.�RU�%!%!U

δ∗(q, 1) = q
Q-�

δ∗(q, aw) = δ∗(δ(q, a), w)

"#�� '"6 '%!%'��*���$5)+ '%!%'�
w ∈ Σ∗

Q-��"6 'O Q-�� !�R !%(%'�
a ∈ Σ

a#��e6� � ���j� $
A
�-34$4$4 !*L�P������"Y*L 6"6 '��%'��"Y*L 

"635�-*-35�P����$�"6 '��%!��U

L(A) = {w ∈ Σ∗ | δ∗(q0, w) ∈ F}.

< �*�*+,�!��"#-.'(� ���1
<H�� l�XKU�84���-�.O-�R '$5 '*L�- '*L�."6*- =U+U�OL�.%!%' !*L�."6*- =��35��)+�/�+���- !"6*- � ����� � "635�L0
*L35�P�+��$�qY ! '*- !"6"�)k�

A = (Q,Σ, E,Q0, F ),

QL)+*L*��
Q
]
Σ
Q-�
F
)xq�����"Y3����.$�84�n����O-�R '$4 !*L�� !*-��*-*-UR��35��)+�/�+���- !*-*-�5]5�d35�-���

• E ⊆ Q× Σ×Q
)+$ )�"#"�� $ � � � � ��� � ��$ " 
�Q-�

• Q0
)�$���%!)+ (��34*��� !%!)#Q��.$HQL)+34"6"�)4a

b



�����
A
�-34$4$4 !*L���+�`"Y !�.%!�.$

L(A) = {w ∈ Σ∗ | ∃a1, . . . , an ∈ Σ, q0, . . . , qn ∈ Q : w = a1 · · · an,

q0 ∈ Q0, qn ∈ F
Q-�
(qi−1, ai, qi) ∈ E

"#�� '"6 '%!%'�
i = 1, . . . , n}.

�EU�e6�-�PU���U�%'%!Uju6e6q�U�"6*- �U+U�OL�.%'%! !*L 'U`��35��)+�/�+���L���2Q-�j��)Y85 '*L�-�����+��$�*-��34O����xq��#����35%')+"6*L����a

; �����&" ���1
6
 ��� ��$ " 
��(� ����"*) ���  �" ���*���
X

& � ���  )�" ��� � 
	�   

Pref(X)

� � )����0 )�" ���
� 
	�   


Suf(X)

 ����$ � ��� )' �"#� � ��$ " 
��(� ����"*)�" ���

�(
.-�"*)�$ � )���
�%!���-���P����${] �n�-��U
A = (Q,Σ, Q0, E, F )

)�$�O-��8434*-)� !��3������H]+QL)�"#�/�/U+U�OL !��0
�-�.%'����"6 '��%'��$

X
]�*- ! '*

X = L(A)
a5���.8534*-)+ !8434%!%��H��3���)+�/�+���- !%!%!�
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A1 = (Q1,Σ, q01, δ1, F1)
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"63434%!35q���$R�- '%���$`"#��35�-���5ak�J*-�n�-�P���/��%!%���$KU���U=QL)+34"�)+$
Q0

�� '%'������35�-)+�/�+���� !$`��%'"635�- '%!)� !"+0
*L �]4*�����8K�+��$�"6 '�.%!�.$

L−11 L2
��35$4$4 '*��P��q��R�J���

A = (Q12,Σ, Q0, δ12, F12).

�� '��%' 
L−11 L2
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; �����&" /�� /�� � " ���*���
X ∗

� ) ����$ � ����"*) � ��$ $%
 ��"
C∗(X)
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C+(X)
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A
)+$��/)+$5)+ '84 � q#��*L���+�xq#��*L�- HX434)+%! 'O�e�u5��U � ����O-"���%'%!�.��$�*L '%'%!)� !${]�QL)�*

A = A∗
� q���*��P�+��q���*��� 

A = A+
� a���)Y84 '*��������+��$

∗
0\*-��$6��O-��%' !*��+�#�-��)�O- !��"�)�*-"���q#��q�U� (�-�PU#0

�/U5a
+
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�*L)+ !�-�����+��$j�.$4*L '$

 !$48434"k�� !)+%'%!�5]��n�-�PU
C∗(X)

nX = XC∗(X)
n
"#�� !"Y !%'%!�j%'35qY34 !%'%'�

n ≥ 0
a l�$4*- !$4$KU�"6 !$

C∗(X)
0X = {1}X = X = X{1} = XC∗(X)

0.

��)+ !*��+��%(�P�5]�QL)+*�)+%'�n���n�P�+��$ ]c���-��U�q�U� (���dX4U�������]{"634$
n ≤ k
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C∗(X)
k+1X = C∗(X)

kC∗(X)X = C∗(X)
kXC∗(X) = XC∗(X)

k+1.

�� ! '*LXKU
C∗(X)

nX = XC∗(X)
n
QL)�"#�� !*-�.%!%�� %!35qY34%'%'�

n
Q-�¤$KU� '$ )+%'%!�.$

C∗(X)
∗X =

XC∗(X)
∗ a��J)�*-"#� C∗(X) )+$t����"Y*L '�/�+��%( !$4��${]�)+$t)+%!���xq�� C∗(X)∗ ⊆ C∗(X)

a��J)+*L"#�
���+��*��-O- (q� '�+��%( !*���  )�$�q+)+ !����*L*��

C∗(X) ⊆ C∗(X)
∗ ]K)xq�����$KU��/U`"���"6*- 5QL)+34"6"�)+�R*-���/���

C∗(X)
∗ = C∗(X).

C∗(X)
)+$�*- ! '*��/)�$4)+ '85 �a

; �����&" /�� 3 � 	 
 )
1 ∈ X

� ��"#"#�
C∗(X) = Σ

∗ � � C+(X) = Σ+ �
�(
.-�"*)�$ � )���~�)�*

1 ∈ X
]�$4 ! '$

Σ∗X = Σ∗ = XΣ∗
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C(X)
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+
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∗
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1 ∈ X

]¤)+$ "keY*-���.*-*�U %���34*L�.��$ _5a@? �d34"��� '$4��$ �- '%'��$4$4��a ��)+*L '$
+
0

*L�.$6�-O���%! '*-�+���-�-)+O- ($7��3���"6 '�R '$4��$��� {�PU�%'%!i+ ($&)+%!��q�U�%(�-�PU���U#�-��Ud��84�.*��R '��%'��"#U�*��PU5a
~�)+*����+��*

1 /∈ X
]#$4 ! '$
�� '%'��$4$5��]-QL)�*-*�����35�-"6 !�P����$j*L�.$k��O���%' !*��+���L��)+OL '�

C+(X)
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C∗(X)
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C+(X)
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$K�E��)� '�R ! KX434)�%' !OLeYu4�/U�$
Σ+

*L Q-��*��P�H�R)+$4)� '84 
Σ∗
aY��)+ '*L '$/*���$5)Y�.$

+
02*-��$6�-O���%! '*������-�-)+O- !�

"�)+*L"���q#������34%!)+"6*-�n�Sq+)+ '84�+��$£�d3434$k�P�+�¤q���*L�P���xqY '"6*- 
∗
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∗
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C∗(X) = C+(X)∪ {1}

a
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X = {a, ab, ba, bb}
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C∗(X) 6= C+(X) ∪ {1}
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X

) ����$ � ����"*).� ��$ $%
 � " 
 � �!��� )' �"#�, �" ���*���
X+ ) ����$ � ����"*).� ��$ $+
 � " � ����"

C(X) = C(X+).
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C(X)Xn = XnC(X)

"#�� !"6 '%'%!��%'35qY34 !%'%!�
n ≥ 1

]
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C(X)X+ = X+C(X)
aK�J%'34"6*L �]4"634$

n = 1
]K�/U+U�OL !�-�.%!�RU�$&�d34"��� '*L�.*��� 

C(X)X = XC(X).

~�)+*�q#U� !�-��XKU�������]K"634$
n ≤ k

]4$4 ' !$

C(X)Xk+1 = XC(X)Xk = Xk+1C(X),

��%' 
C(X) ⊆ C(X+)
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X ⊆ X+ ⊆ C(X+)

].Q-�E�n�-��U

C(X+)
)+$�X534)+%' !OLeYu4�/U5]xQL)+%!%')� !$

XC(X+) ⊆ X+C(X+) = C(X+)X+ = C(X+)X∗

︸ ︷︷ ︸

⊆C(X+)

·X ⊆ C(X+)X.

�5���/)+ !$
C(X+)X ⊆ XC(X+)

]-QL)��-�.$
XC(X+) = C(X+)X

a�����$6�-O���%! '*������-�-)+O- ($
C(X)
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C(X+) ⊆ C(X).
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Σ
 �" ����" � �

C(X)
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 � " �
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 � "#�#�*��
 � ��
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X+ ⊆ C(X) ⊆ Pref(X+) ∩ Suf(X+).
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+
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Pref(X+)
� �
Suf(X+) 1
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Pref(X+)

Q-�
Suf(X+)
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C(X) ⊆

Pref(X+)
aj�Y '*�U�%!�2e��R !$4��$

C(X) ⊆ Suf(X+)
$KU�u58KU+U�$ *����R)+ !${a
��34%!%���"6 !$ "�)+"�)�0

$K�� '*-%!35qY34%'%'�
n ≥ 1

Q-�y*���$4)� '%'%'�
z1 ∈ C(X)

]
x1, . . . , xn ∈ X

)+$ )+%!�.�/��*-*-�y*���$K�#�

z2, . . . , zn+1 ∈ C(X)
Q-�
y1, . . . , yn ∈ X

]�QL)� '%!%'�j)+$�q+)� '�/��*-*-�

zixi = yizi+1,

"634$
1 ≤ i ≤ n

aK��U� '$�*L ' '*�)+$�q+)� '�/��*-*-�

z1x1 · · · xn = y1 · · · ynzn+1.

�J)+*L"#�7)+%!�������/�V��] ���-��U
1 /∈ X

]c$4 ' !$
|yi| ≥ 1

"#�� '"6 '%!%'�R !$484�."6*L�. !%'%�U
i
Q-��*- ! '*��P��OLXc���."+0

*L �*-3534O-��%'%��g%!35qY34$
n
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|y1 · · · yn| ≥ |z1|
aZ��U� '$t*- ' !*

z1 ∈ Pref(X+)
"#�� !"6 '%!%'�

*L�.$6�-O���%! '*-�+���-�-)+O- ($���%!"Y !)+ !%(%'�
z1
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C(X) ⊆ Pref(X+)
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S = {w ∈ Σ+ |wX ⊆ XX+ Q-� Xw ⊆ XX+}
� f �
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X+ ⊆ S

a}��e6�
SX ⊆ XX+ ⊆ XS

Q-�&q���*��P�+��q���*L�- ���)+ !*- !$|XKU� !$
XS ⊆

XX+ = X+X ⊆ SX
]4�.%' 

XS = SX
a
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X+ ⊆ S ⊆ C(X).
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X+ = S = C(X)
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X
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S ⊂ C(X)
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X = {a, ab, ba, bb}
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C(X) = Σ+ \ {b}
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C(X) 6= S
]�*L '%'%'U��.*- !�/��O-"6 '"6*L 

bab ∈ C(X)
]��d35�-���

bab · bb = babbb /∈ XX+ ]��.%! 

bab /∈ S
a
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S
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S
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S = Σ+ \
(
(Σ+ \XX+)X−1 ∪X−1(Σ+ \XX+)

)
.
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S
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�J)+*L"#�

w ∈ S ⇐⇒ (∀a ∈ X)(wa ∈ XX+ ∧ aw ∈ XX+),

)+$�*- ' !*�q+)� '�/��*-*-�

w /∈ S ⇐⇒ (∃a ∈ X)(wa /∈ XX+ ∨ aw /∈ XX+)

⇐⇒ (∃a ∈ X)(wa ∈ Σ+ \XX+ ∨ aw ∈ Σ+ \XX+).
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Σ+ \ S = {w ∈ Σ+ | (∃a ∈ X)(wa ∈ Σ+ \XX+)}

∪{w ∈ Σ+ | (∃a ∈ X)(aw ∈ Σ+ \XX+)}

= (Σ+ \XX+)X−1 ∪X−1(Σ+ \XX+).
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S
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S = Σ+ \
(
(Σ+ \XX+)X−1 ∪X−1(Σ+ \XX+)

)
.
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Σ = {a, b}
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{0, 1}
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ψ(C(X)) = C(ψ(X)).

�(
.-�"*)�$ � )����Z��%' (�P����$B"�)Y)Y84 !*���$5)�QL��$�QL)+34"�)�"Y*L 
Γ = {10i1|i = 1, 2, . . . , n}

Q-�7*-35)+O- (���n0
���+��$�"�)Y)Y8K��34*�"#U�eY�L�PU��/U�%!%'Ud�R)+O 	K*-�R ��

ψ : Σ∗ → Γ∗, ψ(ai) = 10
i1.

�� '��%'��$
X ⊆ Σ+

"�)Y)Y8K���-�-3m"635q��B)+$m*L ' !*
ψ(X) ⊆ Γ+

aD��e6�
C(ψ(X)) ⊆ Γ+

]�*- !%'%'U

C(ψ(X)) ⊆ Pref(ψ(X)+) ∩ Suf(ψ(X)+) ⊆ Γ+
as�J)�*-"#�

C(X)X = XC(X)
]@)+$

�je+i+*�q+)+ '�/��*L*��

ψ(C(X))ψ(X) = ψ(C(X)X) = ψ(XC(X)) = ψ(X)ψ(C(X))

� �



Q-�`*- ! '*
ψ(C(X)) ⊆ C(ψ(X))

a
��)� '*�����%!���5]�"�)+*-"#�V�/)+O 	K*-�R 

ψ
)�$� '$�QL�."k�� !)4]5)+$

ψ−1(C(ψ(X)))X = ψ−1(C(ψ(X)))ψ−1(ψ(X)) = ψ−1(C(ψ(X))ψ(X))

= ψ−1(ψ(X)C(ψ(X))) = Xψ−1(C(ψ(X))),

��%' 
ψ−1(C(ψ(X))) ⊆ C(X)

Q-�`*- ' !*
C(ψ(X)) ⊆ ψ(C(X))

a
�J)+"�)+$K�� '*-353484�.*L*��+��$�*- ' !*

C(ψ(X)) = ψ(C(X))
a

� U�OL�.%'%! !*-��$¤�R '��%' Wq���%W�P�� (*-��$¡�+��"6"�)+*L�-)+$p"6 !�.%'��$
X

*L�.$6�-O���%! '*-�+���-�-)+O- !�Sq+)+ '8K����$¤*- ! '*
�-35��"6 ��7"�)Y)Y8K�+������%'%'�/"6 '��%' D�5 '$KU+U�O- '*L�.%!%!�d�+��"Y"�)+*L�-)+%'%!��Q-�7�-35��"6 '�/��%!%'�/"�)Y)Y8K���-34$|"Y !�.%!�.$
*L�.$6�-O���%! '*-�+���-�-)+O- !�5a

lZ85�.%'%'U�)�%'��q#��*-*-���. @"�)Y)Y8K��34"6*-�."6*- sq+)+ !8K��"634 !�-�.$4"��+��$�q���%! !�����/ (�PU&�P��u4��$4*���"�)Y)�0
8K��34*L���5a

> �&�.')"<+C= =:� /��1
<H
� 
�%!"�)Y)+$
Σ = {a, b, c, d}

�+��"6"�)+*���)HQL)�"#��"�)Y)Y8K�����+��$B�5 '$KU+U�O- '*L�.%!%!�
�+��"Y"�)�*L��)�%'%!�

{0, 1}
"635q#��34"6*-�.%!%��

ψ : Σ∗ → {0, 1}∗, ψ(a) = 0000, ψ(b) = 0011, ψ(c) = 1100, ψ(d) = 1111.

~�)+*���35�-"Y (�-���xq���"Y*L K"6 '��%'��"6*- 4q#��%' (�P�+��$
X = Σ = {a, b, c, d}

]+*��+��8K�+��$V*-��$/*-��$6�-O���%! '*������L0
�-)+O- !"Y*L 

C(X) = X+ = Σ+
Q-�`"�)Y)Y8K�#��34"6*- �"Y !�.%!�."6*- 

ψ(X) = {0000, 0011, 1100, 1111} = {00, 11}2.

�JU� '%!%'UBq���%! '$4$5)+ !%!%!�|"634 (����$4"6 '$T"6 '��%'��$
X

"635q���$ *L�.$6�-O���%! '*-�+���L��)+O- ��. �)�%'��*-���/�5]Z"634 '$
*L�.$6�-O���%! '*-�+���-�-)+O- ($&"635q��5]K*- !%'%'U

C(ψ(X)) = {00, 11}+ 6= ({00, 11}2)+ = ψ(C(X)).
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 ! '$k��)+X5 !*L�-�.�R���-)Y84 !$7 !84����$4�d)+$��d34)Y84)+*��P�+�j"Y3�q���34*
ϕ : ℘(Σ+)→ ℘(Σ+)
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C(X)
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X0 = Pref(X
+) ∩ Suf(X+)
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Q-�

Xi+1 = Xi \
(
X−1(XXi∆XiX) ∪ (XXi∆XiX)X

−1
)
, i ≥ 0.
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Xi
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Xi+1 ⊆ Xi
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i ≥ 0
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�- '�.85���PU�U�${]4���L�PU

C(X) ⊆ X0

a ~�)+*
C(X) ⊆ Xi
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C(X)X = XC(X) ⊆ XXi ∩XiX.

�� ! '*

C(X)X ∩ (XXi∆XiX) = ∅
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C(X) ∩
(
X−1(XXi∆XiX) ∪ (XXi∆XiX)X

−1
)
= ∅,
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C(X) ⊆ Xi

"#�� !"6 '%'%!�
 !$484�."6*L�. '%!%�U

i ≥ 0
a �JU� '$&)+%'%!�.${]�*- ' !*��je+i+*L"6 '$
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w ∈ (XXk∆XkX)X
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ϕ : ℘(Σ+)→ ℘(Σ+), ϕ(Y ) = Y \
(
X−1(Y X∆XY ) ∪ (Y X∆XY )X−1

)
.
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a∗, i = 1, 2, 3, . . .
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�� �)+%'��O����- ')+$K����%! ($4�.${a
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; �����&" 3
� ��� � ��$ " 
��(� ����"*) ���  �" ���*���
X

) ����$ � ����"*).� ��$ $+
 � "#�
C(X)

 
�� &(�*���,����$ $ "

Σ+ \ C(X)

�� � �' 	� � )�"#" � "*) �')�$ " � ���,� �'
�"#$ �����  �" ����" �

�(
.-�"*)�$ � )��J�� ! '$k��)+X5 !*L�-�.�R����)Y85  ��$6���+�d"6 '��%'��$
Σ+ \ C(X)

Q-U�*-��$6e6eY*-X4OL)+�4%'���.�/��$�*-�.%(qY !�L0
��U��/ !*-���.$��/��$4���-�.%!��U�$ ]�QL)�"#�jXke�*-U�u6�2e6e7"#�� '"6 '%!%'�
"6 '��%'�.��$

Σ+ \ C(X)
"63434%!35qY '%!%��
*Le+i���0

�-�. '%!%'U5a6~+U�*L�.$keYeY*-X4OL)+�4%'���.�/�+�Eq+)+ '84�+��$R�-35��"6 ��E*L34)+OL !�-�����/��%!%!��"Y ! '$k��)+X4 !*����.�R���-)Y84 '��aY~�)�*
*-��$K�

w
"63434%!343¡*-�.$k��O-��%' !*��+���L��)+OL !$ "�)��/X4%!�.�R�.$k�-�� ! !$ ]@u634)+�/���P����$ ��U���U�*- ! !��U5]@�n�-�PU

w /∈ Xi

QL)+%'%'��"Y !$&%'35qY34%!%��
i
a�~�)+*����+��*

w
�� }"63434%!3�*-��$6��O-��%' !*��+�#�-��)�O- !$&"�)+�RX4%'���/��$6�L�� ' (${]
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X
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�E��X4XK��%!�.��*-*��R_`��U�U�O- (����%!%(eY*L��Ud"Y !�.%!�.*L��U
S
�� '��84����U+U�${]4�n�-��U

X+ ⊆ S ⊆ C(X).
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X+ Q-� S a{~�)+*�$KU��/U/)�q��#����O- D"6 '��%'�n��] �� '��8KU��R�R��] ���-��U X+ ⊂ C(X)
]c�.%! �"6 '��%' 

X+ �� 
)+%!��"6 '��%'��$

X
*-��$6��O-��%' !*��+�#�-��)�O- �a

��)� '*L���|����XK���|q#��OL�-�.$T�/U+U�OL !�L����%!�.�R�V�&"#��"Y*L �"Y !�.%!�.��$
X

%! ' (�L�1e6q#U+U/QL)+34"6"�)k�5a@
�%W0
"�)Y)+$

Σ
�+��"Y"�)�*L��)5]YQL)+*-*-�&)+$Bq�U�u4 !$6��U+U�$g"#��"Y*L �"6 'O Q-�� '$k�P�5]+Q-�

X
�PU���U�$g�+��"Y"�)�*L��)�$

1
0

q���XK�+�J"Y !�.%! �a���e6��"6 '��%'�.$
Pref(X+)

*���$4�+�
w
*���$4)��P�+��$ � � � � 
 "#$ $ � �!"*)%&("*)�$%�'�' )�"�� � � ��� 	 �

��"#����&�
�"#��$��#]+QL)+*
wPref1(X) ⊆ Pref(X+)

ac��U�*L*�U&�R�.OL"6 '$4$KU�%'%'U
Pref1(X)

�P��OL"�)+ !�-�n0
���+��$m"6 !�.%!�.$

X
"#�� '"6"6 '��$ � 0\X4 !�-34 !*L����$rX4O-�
	K"6*- !�.$�QL)+34"6"�)k�5a��J�+��O-)� !�-�-34�R !*LX4 !*L�-���-��U

w
*-��$4)����+��$  ��"#"#$ $ "*) �' )�" ]6QL)+*

w /∈ X+ a}��eY�E*L�.%!q#U�*L�- '"6 '$|"��� '"6"6 �"6 '��%'��$ X+ *���$K���E)xq����
uK����O-)+ (�-�-35qY ��5a��EU�e6���n�PU+U�$V"6 '��%'�.��$

X
%' ' W�-�2e6q� !�.$duK�+��OL)+ !�L��34�R (*-X4 !*L�-�. !84�.$`"6 !�.%'��*L��U��/��O�0

"6 '$k�PU+U
B
Q-�r"6O- ' (�-�- !*L����$¤X4 !*L���� '84��$¡"6 '��%'��*L�PUr�/��O-"6 '$k�PU�U

C
a����.35O��+��q���*��P�t%'��34*L�.�.*��P�

*-�+���R�/�JU+U�O-�.%!%' (*- !%(%!��"6 '�.%! '%(%!����)+ !*-�.$�"��� '$4)+$ ]xQL)�"#�H"��.OL�-)Y)�QL)+ !*-*���"Y !$/����XK��35"Y*L '*L*��5]�)+$5"�)

C(X) = X+ a

; �����&" 3
� /�� � �  
 
��
X ⊆ Σ+

� � �'���#��"#� ���  �" ����" � 	 
 )
C = ∅

� ��"#"#�
C(X) = X+ �

�(
.-�"*)�$ � )��
C(X)

)+$�X435)+%' !OLeYu4�/U5]�QL)����.$dQL)�*
z ∈ C(X)

Q-�
x ∈ X ⊆ C(X)

]K$4 ! '$
zx ∈

C(X)
aD�JU� '$�*- ! '*E�de+i�*

zx ∈ Pref(X+)
aDl�O- (�1eY !*-�.*��� @*L ' !*

z Pref1(X) ⊆ Pref(X+)
]

QL)��-�.$
z ∈ B

a��J)�*-"#�R)�%'���- '�R�V��]5���L�PU
C = ∅

]K�. 
z
)+%!�
"6O- ! !�L�� !$4��${]4�.%! 

z ∈ X+ ac�Y ' '*LXKU

C(X) = X+ a
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X
uK����O-)� !�-�-34�R !*LX4 !*L���� '85�.$�QL)+34"6"�)H)�$

�2eYu#Q-U5]�)�$S*-��$y*-��$6�-O���%! '*������-�-)+O- �"6 '�.%! 
X+ a ��U� (���d�. �"634 (���.$5"#�+��$SXKU�85�`��)+ !*-�.��$S*-3534$�0

���+��${]6*- !%'%'U�)+$�)+%!�.�/��*-*-�HU+U�O-�.%!%' (*- 'U�"6 '�.%! �U�]�QL)� '84��$�*L�.$k��O���%' '*-�+���L��)+OL K)+$
X+ ]Y�d3��-�P��QL)� (0

84��$duK�+��O-)+ (�-��35�R !*-X5 '*����� '84��$�QL)�34"6"�)�)+$H�.XKU��2eYu#Q-U5a�l�O�U�*��.*L '�R�.OL"6"Y 6��U�%'%'�� (*-��*L�P��"Y !�.%!�.*��PU
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X = {a, bb, aba, bab, bbb}
a

�
 ! '$k��)+X5 !*L�-�.�R���-)Y84 !$EO-��"Y35O-*- ! !qY '*��P��"#�+��q��+��q+)+ !8K�+��$HeY"6*- !$4"��.O��P�� !*L�P����u4 !�.�/��${ax�\��*-�
�R�.$4�n����%'�/U�Q-�V*L�.$�q�U�%' !q#�� !u4�.�n���� !q#U���"Y35 !����$4"#�+��$��d343���3��/ !%!%'U�U�$&%'�� !%!%!�5a

; �����&" 3
� 3
� � "#"#��$+
'&("*)�$%���,��$%
 -�"#� �'�' 	� � )�"#" � "*) �')').�  �� � ����)').� ��
�" - � ��� )�� �!�,��$ � "*) ��$
� � 
�$ �  ) ��$

∆
 
 ������$ � ) 
'&(" ��� ����)�� ����$ � ��� 
��*�
� "#�#� � $ � �����#��"*)�"#�#� ��� � 
�$ �  )�"#�#� ��� � ���#� ��"#�

Xi+1 = Xi \
(
X−1 (XXi \XiX) ∪ (XiX \XXi)X

−1
)
.
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�.OL)���34"6*L���Hq+)+ !8K�+��$S"6 'O QL)+ !�L�P�+�/�P��q���%W0
%! '*L�-�.$���O-)��-34*L�-�.$�34$5 ')+$4�� '$K�

Xi+1 = Xi \
(
X−1(XXi∆XiX) ∪ (XXi∆XiX)X

−1
)

= Xi \
(
X−1 ((XXi \XiX) ∪ (XiX \XXi))

∪ ((XXi \XiX) ∪ (XiX \XXi))X
−1

)
.


� '"��.����Q-�jq#��*-���/�/����)+*�����U+U�O�U��@q+)+ !8K�+��$&)��-�P���d34$5 ')+$5 '�.$7)+*-��*- !*L�P�d��O- '"6*L�.�.$ ]�QL)+%!%')� !$

Xi+1 = Xi \
(
X−1(XXi \XiX) ∪X

−1(XiX \XXi)

∪(XXi \XiX)X
−1 ∪ (XiX \XXi)X

−1
)
.

����34O����xq���"Y*L �uY35)+���#�P�+��$ ]c���-��U&"�)�*-"#�
XiX \ XXi

�� �*L '*�U�%'%'U/"Y !�.%!�.$
XXi

*���$4)#Q-�EQ-�
q���*L�P���xq���*L�� 

XXi \XiX
�� �*- '*-U�%'%'Uj"Y !�.%!�.$

XiX
*-��$4)#Q-�5]4)+$

X−1(XiX \XXi) ∩Xi = (XXi \XiX)X
−1 ∩Xi = ∅.

�JU� '$V$KU� !�PU�q���*��P�+��q����=)+*L343484�n�@q+)� '8K�+��$�Q-U#�-�PU�U�X�)+ '*�"#�+��q���*��P�sQ-�sQ-U�% QL�.%!%!��Q-U+U�q�U� !���n�-�2e
"#���xq��

Xi+1 = Xi \
(
X−1 (XXi \XiX) ∪ (XiX \XXi)X

−1
)
.

~�)+*NqY '��%�U q+�.O��P�+���R�R�o"6 ! '$6�-)+X4 !*L�-�.�R����)Y85 !*-*-� "�Uxe6���n�-��Uxq�U�U "635q#��34*L��� 343484��*-*��
�d34)Y84)�*-*�����$

ϕ(Y ) = Y \
(
X−1(XY \ Y X) ∪ (Y X \XY )X−1

)

"6 '��%'��$
S
"��+�xq#�+��$

S = Σ+ \
(
X−1(Σ+ \XX+) ∪ (Σ+ \XX+)X−1

)
,
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S
"6 'O QL)� !�-���P����$&�d34)Y85)+*-*��

S = Σ+ \
(
X−1(XΣ+ \X+X) ∪ (Σ+X \XX+)X−1

)
.
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Y
]kQL)+"#��"#U�e6�PU�$4$5i+*-*-U&)+$RQL)+"6 '$�"6 '�.%! '*��PU

Xi
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q��� '*-���R�/ !${]6*- !%'%'UE"6 !�.%!�.$

S
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Xi

q�)+ '8K����$/��$k�P�+�
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S
"��+�xq#��*-*-� � f � a
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� ;�� � " ����"
Xi+1

��
�" - � ���  �"���� 
�"#$ $ � �,� ��
.-�
 )').�

Xi+1 = {w ∈ Xi |wX ⊆ XXi

� �
Xw ⊆ XiX}
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.-�"*)�$ � )�����U���U�$Vq�U� (�-�����.$R�-)Y84 '*��P���R !$4��$`�P��XK��u6��353/*����R)+ !${]+"634 !$/%'��34*-��*-*-�j_�a��5aY~�)�*
�R�.OL"Y (�PU+U�$

T = {w ∈ Xi |wX ⊆ XXi

Q-�
Xw ⊆ XiX},

$4 ! '$

w ∈ T ⇐⇒ w ∈ Xi

Q-�
(∀a ∈ X)(wa ∈ XXi ∧ aw ∈ XiX)

w ∈ Xi \ T ⇐⇒ w ∈ Xi

Q-�
(∃a ∈ X)(wa /∈ XXi ∨ aw /∈ XiX)

⇐⇒ w ∈ Xi

Q-�
(∃a ∈ X)(wa ∈ XiX \XXi ∨ aw ∈ XXi \XiX).

�JU� '$�)�%'%!�.$

Xi \ T =
(
(XiX \XXi)X

−1 ∪X−1(XXi \XiX)
)
∩Xi

Q-�`�.85�.%'%!�.��$

T = Xi \
(
(XiX \XXi)X

−1 ∪X−1(XXi \XiX)
)
= Xi+1.
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a

(n ≥ 0)

bb(aab)naaa bb(aab)naaa · bbb ∈ X1X
]4�d35�-�P�

bb(aab)naaabbb /∈ XX1

a

(n ≥ 0)

bbaabb(abb)naa aaa · bbaabb(abb)naa ∈ XX1
]K�d35�L�P�

aaabbaabb(abb)n /∈ X1X
a

(n ≥ 0)

bb(aab)naabbaa bb(aab)naabbaa ·bbb ∈ X1X
]��`3��-�P�

bb(aab)naabbaabbb /∈ XX1

a

(n ≥ 0)

_+_



�JU� '$� (����O��+���- ')�$&*L�.34O-�+�xq#�/��*L"��.%})�$�"6 '�.%! 

X2 = X+ + aab+a+bb

+bb(aab)+(abb)+aa

+bb(aab)+aabb(abb)+aa.

	�)+X435"Y*L Y*L ' 'OLOLe6�-��U��.*L*�U�"6 '��%'��*L�PU
X2

"6 '��%'�.��$
X3

]�X�)+ !*L�-35q�����%!)+X435�-"Y !$
*-�.$k��O���%' !*��+���L��)+OL ! !$
"63434%!34�/���-�-)+���#��*���$4����a
aabnabb aabnabb ·aaa ∈ X2X

]+�d35�-���
aabnbbaaa /∈ XX2

]+*- !%'%'UJq#��*-���/X4�#0
$4�5]�"6 '��%'�.��$

X
"Y3534%'35q#��$K�H���."6 Q-U�$KU5]Y)+%! '*L +QL)�"Y !$

a
02%!)+X4X435 '*- !*��P�E*���0

$5)+ '*��P�
aabna, aabnabba

���� 
aabnabbaa

]4�d35�-���d$KU� (�PUjq#��*L���+�xqY !%'%'�
)� '"��. !%'%!�H����"Y QLi+ !%'%!U

bbaaa, aa, a /∈ X2

a

(n ≥ 0)

aabnaabb aabnaabb · aaa ∈ X2X
]Z�`3��-�P�

aabnaabbaaa /∈ XX2
*����R)+ '$

"634 !$���84�.%!%�U5]5*- !%'%'U
abbaaa, bbaaa, aa, a /∈ X2

a

(n ≥ 0)

aabanbb bbb · aabanbb ∈ XX2

] �d35�-���
bbbaabanbb /∈ X2X

��84�.%!%'���.$gq#��*�0
���+�xq#��*L�- �"634 '$t��84�.%!%�U5]�*- '%!%'U�$6e6�V)+ '"��.��$K�5]D"6 '��%'���.$

X
"63434%!35q���$K�

�-�."6 Q-U�$KU5]�)+%' !*- ZQL)+"6 '$
b
01��%'"634 !*- !*L�P�r*-��$4)+ !*L�P�

banbb, baabanbb
�P�� 

bbaabanbb
]��d3��-�P��$KU� !��U&q���*L���+��q����Hq���*-�.�R�/���E����"6 Q-U��

bbbaa, bb
Q-�
b
�� !q#U���"63435%'3�"6 '��%'���.$

X2

a

(n ≥ 0)

aabbanbb bbb · aabbanbb ∈ XX2

]{�d35�-���
bbbaabbanbb /∈ X2X

�PU�*L��U�%!%!�.��$
*-���R)+ '$&X��.OL34*L�-�.%!34 '$�"Y35 '$��d34 !*-*-��"6 '$�"�)�u484 '*L*��5a

(n ≥ 0)��U� !$�"6 '�.%!�."6*- 
X3

�d34)��-)+35�-343�"Y !�.%! 

X3 = X+ + aabbb+aaa+bb

+bb(aab)+(abb)+aa

+bb(aab)+aabb(abb)+aa.

�� ' !$6�-)+X4 (*L�����/�n��)Y84 DX6eY*�U�uk�2eYe|�PU�uKU�$y"6 '��%'�.��${]}*L '%'%'U
XX3 = X3X

a}��U��/U�$S$KU�"����/ W0
$4��$`*L34)+O�����$dO����- ')+$4�+��%! (*-��*L�P��%���35*-�."6"����.*L�����. Y)+%'�@"634 (����$4"#�+��$` (��*-��*L��U+U�$4*L�.%!q#U+U5a#��U��/U

_ ?



$KU�u48KU+U�$�"Y35 !����$4"6 '$���*- !�/��O-"6 '"6*- {*-��34O���34"6*-�.$K�/*L ' !��U5]����-��U

XX3 = X
(
X+ + aabbb+aaa+bb+ bb(aab)+(abb)+aa+ bb(aab)+aabb(abb)+aa

)

= XX+

+ΣaΣ∗a · aabbb+aaa+bb

+bΣ∗bΣ · aabbb+aaa+bb

+ΣaΣ∗a · bb(aab)+(abb)+aa

+bΣ∗bΣ · bb(aab)+(abb)+aa

+ΣaΣ∗a · bb(aab)+aabb(abb)+aa

+bΣ∗bΣ · bb(aab)+aabb(abb)+aa

= XX+

+ΣaΣ∗aaa · bbb+aaa+bb

+bΣ∗bΣaabb · b+aaa+bb

+ΣaΣ∗abbaa · b(aab)∗(abb)+aa

+bΣ∗bΣbb · (aab)+(abb)+aa

+ΣaΣ∗abbaa · b(aab)∗aabb(abb)+aa

+bΣ∗bΣbb · (aab)+aabb(abb)+aa

⊆ XX+

Q-��q#��*L���+�xqY !$HX���O-34*�����%'34 !$
X3X ⊆ XX+ ax��U�%!%'i+ !$�*L ' !* X3 ⊆ S

a��J)+*-"���"634 !�-�.$4"6 !$j�� '$K�

S ⊆ C(X) ⊆ Xi

]�)+$r$keY�d)�%!�P��q���q+)+ !����*L*��
X3 = S = C(X)

a�	� '*�U�"Y*L @*L�.%!q#U�*L�- '"6 '$

X+ 6= X3

]K*L '%!%�Uj��*- '�R�.OL"6 '"6*- 
aabbbaaabb ∈ X3 \X

+ ]�QL)��-�.$ X+ ⊂ S = C(X)
a

��
 �
X+ = S ⊂ C(X)

l�O�U�*
ukeYqY !$|eY"6*- '$5"��.OL���� '$5�.$S�.*L '�R�.O-"6"6 �U+U�OL�.%'%! !*L�.*L��U7"6 '��%'��*L�PU�]YQL)+%!%'�
X+ = S

] �d35�-���
*L�.$6�-O���%! '*-�+���-�-)+O- {)�$VQL)�����"6 '$��d3435�P��] )�$B�+��"Y"�)�*L��)�$

Σ = {a}
"Y !�.%! 

X = {aa}
a��J)+"�)

X435)+%' !OLeYu4�/U
Σ+ = a+

*L�.%(q�U�*��� '"6 !$g"�)+�R�d35��)� �"6 '��%'��$
X
"���$4*L*��5]YQL)�����$|*L�`)+$g"Y !�.%!�.$

X
*-�.$k��O-��%' !*��+�#�-��)�O- �ak�� '��%' 

X+ = (aa)+
)+$�"#�� '"6"6 '�.$/XK��O- !%'%( !*L�.$4X4 (��34 !*�����$

a
02"6 'O Q-�� !$6����$

QL)+$5)�QL��$|"6 '��%' �a �J)+*L"#�&XK��OL '%!%! !*L�.$RQ-�&XK��O- !�L��)+�/��$B%'3�q�35$|*-34�R����)+$|XK��O- !�-)+${]c*L '*�U�%!�PU�U
"6 '��%' 

S
q��� !$�XK��O- !%'%( !*-��$��R !�L�P�� (*- '�@*���$4)#Q-�5a��Y ' '*LXKU

S = X+ ax�JU� '$�*L ' !* X+ = S ⊂ C(X)
a

_ �



�5��$4)����+��${]��n�-�PUJ"6 !�.%! 
ρ(X)

)+$j"6 '��%'��$
X
� � � ��" ]�QL)+*

X = ρ(X)n
QL)�%'%'��"6 !$E%!35qY34%'%'�

n
a

~�)+*="Y !�.%!�.$
X
�� '$5)k�sQL3434OL �)�$

X
 !�-*-��]6*-��$4)����+��$/"6 '��%!�PU

X
& � "#�!"#$ "#" � "*) �' )�" a+��U�%!%'i� !$R)�$

eY%'�� '*L�.�R�/ !$�q+)+ '�/��*L*��5]5���L�PUJQL)+*�"6 '��%' 
X
�. �)+%!��X5O- '�R (�� ( (qY !$4��${]5"635����$��.84��%'%'U`)�%'�nq���*-*-�

��*- '�R�.OL"6 '*-*-U5]4)+$��� '$K�

X+ 6= C(X),

*L '%'%'Ud�� !$K�

ρ(X)+ ⊆ C(X),

"�)+*L"#�R"6 '��%' 
ρ(X)+

"�)+�R�d35��)�  %'34)�$4$4)+%!%! !*L�.*L�- '"6 !$&"6 '��%'�.$
X = ρ(X)n

"#��$4*L*��5a
��)� '*-��"6*- @��*- !�/��O-"6 '"6*- Z"6 '��%'��*L�PU5]�QL)+%'%'�

X+ = S ⊂ C(X)
]�q���%! !��*L�.�R�R��QL)��.*L '�R�.O10

"6 '*L*�UB_5a b��/�� !$4 (�-34$�"6 '��%'��$
X = {a, ab, ba, bb}

a�����]����-��U
S = X+ ]�$KU�u48KU+U�$�QL)+"�)

%'��34*-���.*��P� � a � ���� !"Y"��j%'��*-"�������%!%'�E�R)+%!�.�R�/�#�@"6 !�.%!����[
O-�� '%'¥d� %!%!��Q-�Eq+�.O��P�+���/��%!%'�E$4 ! !��U5a
�
 !�.%!�.$

X
X4OL� 	K"6*- !�.$`Q-�`*-3��R"6*- !�.$`QL)+34"�)���)�q��#��*������#�

Pref(X) = Suf(X) = {a, b, ab, ba, bb}.

l���*L !��U+U�$�"6 '�.%! 
X0

aKlZ$5*- '�R�/U� !*-��"Y*L {�-�.���/�R��uY35)+�/ !)+$

(
Σ2

)+
= {a a, ab, ba, bb}+ ⊆ X+ ⊆ Pref(X+)

(
Σ2

)∗
Σ ⊆ X∗Σ ⊆ X∗ Pref(X) = Pref(X+)

�JU� '$ *- ! '*
Σ+ = (Σ2)+ + (Σ2)∗Σ ⊆ Pref(X+)

aV�DU� !$6q���*L�P�� '$4��$ *- !*�U�%(�1eY�R !$4�.$

Pref(X+) ⊆ Σ+
)�$S (��*L�.*L��U+U�$4*L�.%(q�U+U5a �Z��*L���+�xq#��*L�- �$KU�u58KU+U�$ ]��n�-��U

Suf(X+) = Σ+
a

�JU� '$�*L ' !*

X0 = Pref(X
+) ∩ Suf(X+) = Σ+.

���.$k��O���%' '*-�+���L��)+OL +%!i�eY84�n�PU+U�$H*L�.34O-�+�xq#��*L�� �ax��U� !�-���PU�U�${]����-��U�*-��$6�-O���%! '*������-�-)+O- �)+$H"6 '��0
%! 
Z = Σ+ \{b}

a6��U��/U
"Y !�.%! 4q+)+ '84�+��$�Q-��"#�+�E"���u6�-�.��$7)+*��+��$�*L�.$��`35"#�+��$ ]6"634�R����%!%'�
"6 'O Q-�� '�V�.%!%!�g*���$4���7��%'"#��q����.a��=��*L�P���xq���*L�� DQ-��"�)Sq+)+ '84�+��$M�-�.u484USq� ! '�R�. !*L�.$M"6 'O Q-�� '�R��$
�d34"��+��${a �� ! '*

Z = Σ+ \ {b} = aΣ∗ + bΣ+ = Σ∗a+ Σ+b.

��eY�
Z
"�)+�/�d35�-)+  "6 '��%'��$

X
"#��$4*L*��5] *L '%!%'U

ZX = aΣ∗X + bΣ+X = a · Σ∗X + bΣ · Σ∗X = (a+ bΣ)Σ∗X ⊆ XZ

_+^



Q-�

XZ = XΣ∗a+XΣ+b = XΣ∗ · a+XΣ∗ · Σb = XΣ∗(a+ Σb) ⊆ ZX.

����$6�-O���%! '*������-�-)+O- s�. �)+%'��"�)+"�)
X0 = Σ+

]Z*L '%!%�UB*���$4�
b
�. �"63434%'3N*-��$6�-O���%! '*������-�-)+O- ! (${]

"�)+*L"#�
ba ∈ X0X

]��d35�-���
ba /∈ XX0

a��Y ' '*LXKU
C(X) = Z = Σ+ \ {b}

aDlZOL !�2eY '*-��*L�- 

X+ 6= C(X)
]4*- !%'%'Ud��*- !�/��O-"6 '"6*- 

bbb ∈ C(X)
]K�d35�-���

bbb /∈ X+ a
�
 !�.%!�.%!%'U

X
*- ' !*

X+ = S ⊂ C(X).

	� '*-U�"6*- 
C∗(X) 6= C+(X) ∪ {1}

]4*- !%'%'Uj�je+i+*
b ∈ C∗(X)

Q-�`*- ! '*
C∗(X) = Σ

∗ a

X = {a, ab, ba, bb}

0

1

2

3

a

b

b

a, b

X+ = S

0

1

2

3

a

b

a, b

a, b

a

b

X0 = Σ+

0 1
a, b

a, b

C(X) = X1 = Σ+ \ {b}

0

1

2

a

b

a, b

a, b

��35q�� � ���� !$4 '�R)+ (8435����35��)����+�#�� (��"Y !�.%! '%(%!�
X
Q-�
X+ *L�."#U/"6 ' !$6�-)+X4 !*L�-�.�R����)Y85 !$���*L"��n0

%! '%!%(�
X0

Q-�
X1 = C(X)

a

_kb



��
��
X+ ⊂ S ⊂ C(X)

�
U�*L !����%'%'U�U�$NqY '�.%'U��.*L '�R�.OL"Y"6 �]}QL)+*L*��m"6 !�.%'��%'%'U
X

)xq����7q+)+ !����*-*��r�� !84)��7*L '*-U�%!�2eY�/ !*-�n�

X+ ⊂ S ⊂ C(X)
a5�=��%' (�P����$

X = aΣ+b+ bΣ+a.

��eY�

X0 = Pref(X
+) ∩ Suf(X+) = (aΣ∗ + bΣ∗) ∩ (Σ∗a+ Σ∗b) = Σ+ ∩ Σ+ = Σ+.

[�O��� !%�¥���$6���+�j"6 '��%'��$
X1

�-34$4$4 !*L�P��q���$4� � �Y�j� $K�d"635q���$�fj��35��)����+�#�� !${a6�J35��)+�/�+���- '$

X1

0

1

2

3

4

5

6

7

8

9

10

a

b

a

b

a

b

a

b

a

b

b

a

b

a

a
b

a, b

a
b

a, b

��35q#�/f�� [
O��� '%�¥d� %!%!�j%���*L"����-�-3�"6 '�.%!�.$
X1

�-34$4$4 !*L���xq��V��35�-)+�������-�- �a

��$k�P���/�d"6 '��%'  q�)+ '8K����$�u4��%'X�)+u4"�)�*L�� ���*- (�-�PU�U`O����- ')+$K����%! (*-�.$4�`%'��34*-��"6"��.��$K�

X1 = aaa∗b+ aaa∗bbΣ∗ + aaa∗baΣ+ + aba∗bΣ∗

+ bbb∗a+ bbb∗aaΣ∗ + bbb∗abΣ+ + bab∗aΣ∗.
� �k�

�5�����d"Y !�.%!  q+)� '8K�+��$��.*- (�-��U+U`�je+i+*-"6 !$�"�)+�RX4%!�.�R�.$k�-�� !$4*��`��qY34%'%'�d�d34)Y84)+*L*��

X1 = Σ
+ \ (a+ + b+ + aba∗ + bab∗ + aa+ba+ bb+ab).

��� h �

_+�



��U��/U�"6 !$�$KU�u48KU+U�$��/��%'"�)Hu4�.%!X�)+*L�- c*-���/��*L���j��35�-)+�������� !*��P�5a6�� '��%' 
X1

*��+��84�+��$�"Y ! '$�0
�-)+X4 '*������/�n��)Y84 !$7q�U�%! !q��� !u4���.$K��]4"�)�*-"#�

a+ · aab ∩XX0 = ∅

b+ · bba ∩XX0 = ∅

aba∗ · aab ∩XX0 = ∅

bab∗ · bba ∩XX0 = ∅

baa · aa+ba ∩X0X = ∅

abb · bb+ab ∩X0X = ∅.

�JU� '$�*L ' !*

a++ b++ aba∗+ bab∗+ aa+ba+ bb+ab ⊆ X−1(XX0∆X0X)∪ (X0X∆XX0)X
−1.

��U�*��PU��. D�� '�n����$4"#U+U�$S$KU�u484U5]�)xq����-"�)�$KU��/U&"#�� '"6"6 �"6 '�.%!�.*��PU
X0

X�)� '*L�-���L�P�xq#���
*���$K����]
�d35�L�P��"�)+*-"��B*-��$6�-O���%! '*������-�-)+O- �*����xqY35�-���P����$�QL)�*-��34O��+��q���%!%�����*L"��.%!�.��%'%���]}�.�R�/�V��3���"6 
��U��PUdq��� 'u4�n�-�P�d����O-"����/�R '$ a

���.34O-�+�xq#��$K�`q�U�%! !q#�� 'u5�.��$K�R[�O��� !%�¥ ��$6�P���V"635q#��$�_V�d34"��� '*L�.$���35��)��������� !${a
������ !)+$K�+��%! (*-�.$4�`%'��34*-��"6"��.��$K�/"6 '��%' 

X2

q+)� '8K�+��$� '%!�/�� (*L���d�d34)Y84)+*L*��

X2

0

1

2

3

4

5

6

7

8

a

b

a, b

a, b

a

b

a

b

a

b

a

b
a, b

a, b

��35q#�R_5� [
O��� '%�¥d� %!%!�j%���*L"����-�-3�"6 '�.%!�.$
X2

�-34$4$4 !*L���xq��V��35�-)+�������-�- �a

X2 = aΣa∗b+ aΣa∗baΣ+ + aΣa∗bbΣ∗

+ bΣb∗a+ bΣb∗abΣ+ + bΣb∗aaΣ∗.
���+�x�

��e+i�*���U��/UH"6 '��%' q�)+ '8K����$��.*- (�-��U+UH�/��%'"�)HeY"6*- !$4"��.O��P�� !*-�.*���  "�)+�RX4%'���/��$6�L�� '$5*��H�xqY34%!%��5]
QL)+%!%!)+ ($V"�Uxe`XK��O-���/�R !$V !%'�V �]��R !�-"#U�)�*-343485���@"6 '�.%!�.*��PU

X1

X�)+ !*L�-���P����$R (���.O-�+���- ')�$d�PU�*L*�U

_ �



��*L"��.%!�.��*-*���a

X2 = Σ+ \ (a+ + b+ + aba∗ + bab∗ + aa+ba+ bb+ab+ aba∗ba+ bab∗ab)

= X1 \ (aba
∗ba+ bab∗ab).

��� f �

����O-34*����.%!34"6*- 4"6 !�.%!�-�.$
aba∗ba

Q-�
bab∗ab

X�)+ '*��P���R !*-�.%!%!�="6 !�.%'��*L��U
X1

OL ' !�L�PU�U�$KU�u48KU5]��n�-�PU

aba∗ba · baa ∩XX1 = ∅
Q-�

bab∗ab · abb ∩XX1 = ∅.

�JU���U
X5 !�PU�q�U��=�R)+%!�.�R�R���ZX4�� '"6"#��$4*��5]6*L '%'%'U=QL)+*="Y !�.%! '*��PU
aba∗babaa

Q-�
bab∗ababb

�.OL)�0
�-���P����$�q���*L�.�R����%!�P�RX534)+%'��%!���/"6 !�.%'���.$

X
"63434%!35q��#��)+*L343484�n�

aba∗b
Q-�
bab∗a

]c"63434%!3�0
q��#�{Q-U�% QL�.%!%!�}Q-U+Uxq#U��Z)+*L343484�n�

abaa
Q-�
babb

"6 '�.%!�.$
X1

"�)+�RX4%'���/��$6�L�� ' (${]�"635����$/"#U�e` '%!�R 
"#���xq���*L�P� �1� h � a

��U� !$`*-�+�xqY35�-���L��3V"Y !�.%! 
X2

)+$`*-��$6�-O���%! '*������-�-)+O- 
C(X)

]�"�)+*L"#�
XX2 = X2X

a���U��/U
q+)+ !8K�+��$yq���OL�/ !*L���+��%'��*-"�������%!%'�

X2X
��34"6 @"#U�eY�L�PU��/U�%!%'U�"6 '�.%!�.$

X
�/U+U�O- (�-�.%!�/U�UjQ-�

"6 '��%'��%'%!�
X2

*��+�#��3K�`%���34*L�."��n�-�P� �1�+��� a4��U� !$�*�����8434$�%���35*-�."6"����.$

X2X = aΣa∗b · aΣ+b+ aΣa∗b · bΣ+a+ aΣa∗baΣ+ · aΣ+b+ aΣa∗baΣ+ · bΣ+a

+ aΣa∗bbΣ∗ · aΣ+b+ aΣa∗bbΣ∗ · bΣ+a+ bΣb∗a · aΣ+b+ bΣb∗a · bΣ+a
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X0 = Pref(X
+) ∩ Suf(X+)

a

; �����&" A��1
 � � $+� � 
�"#����"#� ���*
�"#$ � )' �" ����"
X0

��
�" - � ��� "#������"*)�$ � � ��
.-�
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X0 = X+ + (bab)∗b(bab)∗ + (bab)∗ab(bab)∗ + (bab)∗ba(bab)∗.
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• Y1 = (bab)
∗b(bab)∗

]

• Y2 = (bab)
∗ab(bab)∗

Q-�

• Y3 = (bab)
∗ba(bab)∗

a

��eY��*L '*�U�%!�2e��R !$4��$

X+ + Y1 + Y2 + Y3 ⊆ X0

$KU�u48KU+U�$Hu4�.%!X�)+*L�� �a#	�34)�$4$4)+%!%' !*L�.*L�- '"6 !$
X+ ⊆ X0

]#*- !%'%'U
X+ *L '*�U�%!�2eYe
*L�."�U�X5O-� 	4"Y*L ' !$4*�U5]

�n�-�PU`*-3��R"6*- ! '$4*-�5a��� '*-U�%!�2eY�R !$4�.$
Y1 ⊆ X0

*��+��8K�+��$�u634)+�/�+���/��%(%'��]����-��U

(bab)∗b(bab)∗ = b(a bb)∗(bab)∗ ⊆ Suf(X)X∗ = Suf(X+)
Q-� ��� _ �

(bab)∗b(bab)∗ = (bab)∗(bb a)∗b ⊆ X∗ Pref(X) = Pref(X+),
��� ? �

��%' {*L ' '*
Y1 ⊆ Pref(X

+) ∩ Suf(X+) = X0

a������/��%'%!�du634)+�/�����+��${]5���L�PU

(bab)∗b(bab)∗ ∩X+ = ∅,

*L '%'%'UR"6 '�.%!�.$
(bab)∗b(bab)∗

*���$K����q+)+ !8K�+��$B��*- !�L�PU+U��d34)Y84)�*-*��
X∗ Pref(X)

q��� '$B"#�+�#0
q���$ �1� ? � �d34"��� '*L�.%'%'� �P��q���%!%��5]�QL)+%!%')� !$�*���$K��$ %!)+X4X43534$ Q-U+U�q�U

b
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Pref(X)
]K�d35�L���� �"6 !�.%!�.�.$

X
a �5���R)+ '$7eYuk�PU�%!i+ '*��PU

(bab)∗ab(bab)∗ = ab(bab)∗ + ba(bb a)∗(bab)+ = (bab)∗(a bb)∗ab
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Q-�

(bab)∗ba(bab)∗ = ba(bb a)∗(bab)∗ = (bab)∗ba+ (bab)+(a bb)∗ab

$KU�u48KU+U�$ ]K���L�PU
Y2, Y3 ⊆ X0

]K*L�."#U
Y2 ∩X

+ = Y3 ∩X
+ = ∅

a
���.34O-�+�xq#��"6*- 
�-)Y84 '*����n�P�+��$¡*- !*�U�%(�1eY�R !$4�.$¤�-)+ '*L�.��$o*-3534$6���+��${a��J)�*-"#�

Pref(X) =

Suf(X) = {a, b, ab, ba, bb, aba, bab, bbb} = X + {b, ab, ba}
]4)+$

X0 = X+ + ({b, ab, ba}X∗ ∩X∗{b, ab, ba}) .

�� '��%' 
X+ *L '*-U�%!�2e6em*L�.%(q�U�*L�- �q#U� !�L���.��$N)� '"��.�+��$MX534)+%'���.$

X+ + Y1 + Y2 + Y3
]�QL)�����$

����O-"#��*L����%'%'�+��$��d34)��-)k�
{b, ab, ba}X∗ )+%'�nq� '�R*���$4)#Q-�5acl�$4*- !$4$KU�"6 '$ {b, ab, ba} ∈ Y1 +

Y2 + Y3
a��Y�.34O-�+�xq#��"6*- @�P��O-"#��*L����%'���/�R�R*���$5)�Q-�

uvw
]4QL)+ '*L*��

u ∈ {b, ab, ba}
]
v ∈ X

*L�."#U
w ∈ X∗ Q-�j��35�-"Y !�/�R��]Y�/ (�PUj�d34)���)k�j)+%'�nq�����*-��$K��� uvw "63434%!35q����DQL)+"�)`"Y !�.%!�.��$

X+ �P�� '"6"#�|"6 '��%'���.$
X+{b, ab, ba}

a@~�)�*
u = ab

]�XKU+U�8�e��R�R��*���$K��$
v
��O- ���OLq+)+ !%'%!�

*L�.34O-�+�xq#��$4%��� '*-���.$�����O-"#��*L����%'3435${�

• v = a =⇒ uvw = ab · a · w = aba · w ∈ X+ ]

• v = bb =⇒ uvw = ab · bb · w = a · bbb · w ∈ X+ ]

• v = aba =⇒ uvw = ab · aba · w = a · bab · a · w ∈ X+ ]

• v = bab =⇒ uvw = ab · bab · w = (abb)abw
]

• v = bbb =⇒ uvw = ab · bbb · w = a · bb · bb · w ∈ X+ a

�JU� '*��PU��P��X4��34"6*- !*L�P�g*- ! '*jq��� '$
v = bab

q#�+���- ' @�P��O-"����/XK���B�P��O-"#��*�����%'3K�5aD�D��O-"#��*L����%'3
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abw
)+$��.84��%'%'���.$���%!"634X��.O-U� '*��PUV�d34)��-)k�

abX∗ a��5��$4��*L��� w q+)+ !8K�+��$ *- ! '*�X434OL"#�+�r"6 '�.%!�.��$
X

"63435%'35qY '��q���*L�.�RX4 ��y����"Y QLi+ (�PU5]
"634$4$5�.*J*-��$K�V%')�X4X4343{aK���."634OL*- ! !qY '*L�.*L�- �$KU�u58KU+U�$ ]K���L�PU

abX∗ ∩X∗{b, ab, ba} ⊆ X+ + ab(bab)∗ ⊆ X+ + Y2.

��3���"6 !���+��$�q#��*L���+�xq#��%'%'�j�P��q���%!%��H�� !%���$5$4�
u = ba

a
~�)+*

u = ba
]4$4 ' !$

• v = a =⇒ uvw = ba · a · w
]
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• v = bb =⇒ uvw = ba · bb · w = (bab)bw
]

• v = aba =⇒ uvw = ba · aba · w
]

• v = bab =⇒ uvw = ba · bab · w = (bab)abw
]

• v = bbb =⇒ uvw = ba · bbb · w = bab · bb · w ∈ X+ a

�JU� '*��PU|$KU�u48KU�U�${]Z���L�PUy"�)+*-"#�
b, ba, baa /∈ X

]Z�. �*-��$K��"6*- 
v
�� �"���%'XK���y"634�RX4 !"#�+��$

*-��$4)+ !*L�P�
a
���� 

aba
a+��U�%'%!i+ !$5uKU�$d*���$4�

uvw
�. 4"Y3534%'34 !*- 5"6 '�.%!�.��$

X+{b, ab, ba}
ak	� '*-U�"6*- 

�- '%���$4$4�
)+$���O- (qY ��+��%! �]#QL)�*
v = bbb

]+QL)�%'%!)+ ($
uvw ∈ X+ a�	� '*-U��P��OL"#��*����.%!3K�`q��+���- !q��#�J*- ! '*

�- '%���$6�-�.���
v = bb

]4Q-�
v = bab

a���U� '*L��UdQ-U�%'"6 !�R�/U� !$4��$&QL)+uk�P�+���.85�.%'%! '*L�.$S�P��OL"#��*����.%!34$
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abw ∈ abX∗ a4��U�%'%!i+ !$7*- ' !*

(ba)babX∗ ∩X∗{b, ab, ba} ⊆ X+ + (bab)ab(bab)∗ ⊆ X+ + Y2.

��35)���)k�
ba · bbX∗ )+%!��qY '��$&*���$5)�QL��$�"�)�u6�P��%')`O-����"��.�+�`*L�.34O-�+�xq#��$��P��O-"#��*L����%'34$&�de+i��PU5a

~�)+*
u = b

]4$4 ' !$

• v = a =⇒ uvw = b · a · w = ba · w
]

• v = bb =⇒ uvw = b · bb · w = bbb · w ∈ X+ ]

• v = aba =⇒ uvw = b · aba · w = bab · a · w ∈ X+ ]

• v = bab =⇒ uvw = b · bab · w = (bba) · b · w
]

• v = bbb =⇒ uvw = b · bbb · w = bb · bb · w ∈ X+ a

�JU� '$r*L ' !*H�P��XK��34"6*- !*-*-�
v = a

Q-�
v = bab

q��+��85 !�P����$r%! '*-U��P��OL"#��*����.%!3K�5]}*- !%'%'U��d34 '*L*��
����XK��34"6*L '*-*-�j*-��$K�

uvw
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X++Y1+Y2+Y3
a5~�)+*

v = bab
]6)+$

*-��$K��$R%!)+X4X43`�.84��%'%!�.�.$R��%!"Y35X��.O�U� '*L��U��`35)���)k�
bX∗ ]nQL)�����$V��U��/U�"�)+u6���
"�)�*-"����J�d34)��-)k�

bX∗ )+%'�nq� !�.$�*-��$4)#QL�.$�%' '*-U�"6*-  "#�� '"6"6 ��d�d34)���)+� (bba)∗bX∗ )�%'��q#�V*-��$4)#Q-�5aK��e6�

(bba)∗b = b(bab)∗ ⊆ (bab)∗b(bab)∗ = Y1

Q-�

b(bab)∗ · a = (bba)∗ba = ba+ (bba)∗bb · aba ⊆ Y2 +X+.
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��e+i�*-"6 '$
b(bab)+aw = (bb a)+baw = (bb a)∗bb abaw ⊆ X+ ]xQL)�����$&%' !*�U+U
�-35��"6 !�L�P��q� '�

*-��$4)#Q-�R%'ixe6�1e6e&q#�� '$�*���$4)+ '*��P�
baw

a�l�84�.%!%�U`)+%'�nq���$��`35"#�� !*-�.*��� {�PU�%!%��� !*-�n��*���$K�#��q+)+ !q#���
)+%!%��jq#�� '$��d34)��-)k�

ba babX∗ = (bab)abX∗ ���� ��d34)��-)k� ba bbX∗ = (bab)bX∗ a ��U� !*L�PU
��84�.%!%' !$4�.$�QL)+u6�- 4q�U� !*L�PU���U��L�PU�"Y !�.%!�.$

X++(bab)ab(bab)∗
*���$K����${a�~+U�"Y !�/�/U� !$4��$V���+��*

QL)+uk�P�+�BO-��"Y35O-*- ! !qY '*L�.*��� �*-��$K�+��$ ]cQL)+"��|"63434%!343BQL)+u4)�$4"6 '$t"6 '��%' '*��PU
X+ ] (bab)+b(bab)∗

���� 
(bab)+(bab)ab(bab)∗

aK��U� !$�*- ! '*

bX∗ ∩X∗{b, ab, ba} ⊆ X+ + Y1 + Y2 + Y3,

QL)��-�.$��je+i+*�*- !*�U�%(�1eY�R !$4�.$

X0 = X+ + ({b, ab, ba}X∗ ∩X∗{b, ab, ba}) ⊆ X+ + Y1 + Y2 + Y3

)+$&q+)+ '�/��*L*��5a

�YeY*L�����������-�- '*-���/X5 ��P��X4�t�n��*- 'Um"Y !�.%! 
X0

)+%' !*- J"Y !�.%! '��$¡�/��$4 !X434%!)+ ($6�- ���35��)+�/�+����0
�-�. '$4�5a �� '��%!�-�.$��.*- (�-��U��/ !$4��$g��35��)+�/�+���L�� !��$B�xqY34%!%��5] X4O-�
	K"6*- '$ ]{*L3��R"Y*L '${] 34$4 ')�$4 '��$RQ-�
%!�. '"6"���34"6*-��$R*-35)+O- (�-�P���/ !$5�.$d*-��"#U���34%!)+*L����$`�/ !$4 !�R)� !$k�� �Q-��%!)+X434%(�P��q+�.O��P�� !%'3d"�U�*- !$`�-�.u�0
�2eY$KU`)+$&"634 !�-�.$4"6 !$&q���O-*- !$&�2e+i+%'U�*L��U�Q-�jqY !O-u4�.��%!�- '*L���5a�l�84��%'%�Uj��*- !�-���L�1e�*��+��8K�+��$&%���*-"�����0
�-3K��u4�.%!X�)+*L�- =��$6��������%'%!�7�� !���-)+"�)+$4���.$�%'��*-"��.��*L�."�U

X0

]}�n�-��U
X+ + Y1 + Y2 + Y3

Q-�
����O-"6 '*��P���/��%!%!�5]����L�PUV$4U��/U`)�q#����*-���/����a

���.34O-�+�xq#��"6*- 4��)Y85 '*L�-�����+��${]�%'��34*L�.�.$R^5a � �R�.OL"6 '$4$4i� '${]��n�-��U�"6 '�.%!���
Y1
]
Y2
Q-�
Y3
�� !q#U��

*L '*�U�%'%(e�*-��$6�-O���%! '*-�+���-�-)+O- ! ($
C(X)

]#QL)+%'%!)+ ($&"#���xq���*L�P�

X+ ⊆ C(X) ⊆ X+ + Y1 + Y2 + Y3

$KU�u48KU+U�$ ]K���L�PU
C(X) = X+ a

; "#' ')�(A�� ��� � ���(��$
b
�
ab
� �
ba

��" �	��$  	� ������) ����$ � ����"*).� ��$ $+
 � "#"#�
C(X)

�

�(
.-�"*)�$ � )��Jl�$4*L '$4$4U�"6 '$�q#U� !�-�
b /∈ C(X)

$KU�u48KU�U�$�*-��34O����xq���*L�� �a�����%!q�U�*L�� 

b ∈ (bab)∗b(bab)∗ = Y1 ⊆ X0

Q-�
a ∈ X

]�QL)����.$
ab ∈ XX0

aK�
35 !����$4"6 '$
ab /∈ X0X

]�Q-�`*- ! '*
b /∈ C(X)

a
�5���/)+ !$

ab ∈ (bab)∗ab(bab)∗ = Y2 ⊆ X0

]
a ∈ X

Q-�
aab ∈ XX0

]#�d35�-���
aab /∈ X0X

a
�J)+%!�/��$6�-�.$K�VqY !�.%'U

ba ∈ (bab)∗ba(bab)∗ = Y3 ⊆ X0

]
a ∈ X

Q-�
baa ∈ X0X

]��`3��-�P�

baa /∈ XX0

a
�� ' !*-XKU

b, ab, ba /∈ C(X)
a

� h



; "#' ')�(A�� /�� � ��� � � � ����$�" -�����$ "#$%� ��$ "#$ 
 ����$ ��
�"#����)').���

ab(bab)∗ ∩ C(X) = ba(bab)∗ ∩ C(X) = b(bab)∗ ∩ C(X) = ∅.

�(
.-�"*)�$ � )����Z��%' (�P����$�"Y !�.%!�.*��PU
ab(bab)∗

�/ !�.%! (q���%(�P�� !$4��$�*���$4�
ab(bab)k (k ≥ 1)

Q-�/"#�#0
�-�.$4)+ !8K�+��$B��U���U�$|��%'"63435$|"Y !�.%!�.$

X
*���$K�

a
a���U� !$g*��+���-3S*-��$K�

a · ab(bab)k
"63434%!343

"6 '��%'���.$
XX0

ac	�)+X534*L�P�R%�U�uk�� !�.$�q+)+ !8K�+��$�*���$K��*L�P�/��O-)��L�P�+�V"Y !�.%!�.��$
X
"63434%'3�q���$K�R�-�n0

"6 Q-U�$KU�q#�� '$`*���$K�
bab

ak�
35 !����$4"6 '$`*���$K�
a(abb)k−1ab ·bab

�. 4"63434%'3V"6 '�.%!�.��$
X0X

]+*- !%'%'U
*L�.%!q#U�*L�- 

a(a bb)k−1ab /∈ X0 = X+ + Y1 + Y2 + Y3.

�� ! '*
ab(bab)k /∈ C(X)

]K"634$
k ≥ 0

]4�.%! 
ab(bab)∗ ∩ C(X) = ∅

a
���.34O-�+�xq#��"6*- 6q���%' !���+��$��/ !�.%! (q#��%(�P�� !$5�.$
"6 '�.%!�.$

ba(bab)∗
*-��$K�

ba(bab)k
]-QL)+*L*��

k ≥ 1
a

��eY�
ba(bab)k · bab ∈ X0X

] �d35�L�P�
ba(bab)k(bab) = bab · ab(bab)k /∈ XC(X)

] *L '%!%�U
��84�.%!%�U�)�%'%!�.�.$��d34"#�+��$

ab(bab)k /∈ C(X)
a{��e6�
*L ' '*

ba(bab)k /∈ C(X)
]c"Y35$

k ≥ 0
Q-�

��84�.%!%'���.$
ba(bab)∗ ∩ C(X) = ∅

a
�� !q#��$T*-���/)� '${]�"634$

b(bab)k (k ≥ 1)
)+$T�R '��%' Wq���%(���� ($4��$N"6 '�.%!�.$

b(bab)∗
*-��$K�5]

$KU�u48KU+U�$ ]����L�PU
a · b(bab)k ∈ XX0

]��d35�-���
ab(bab)k−1 · bab /∈ C(X)X

aZ��U� !$t*- ' !*

b(bab)k /∈ C(X) (k ≥ 0)
Q-�
b(bab)∗ ∩ C(X) = ∅

a

���.34O-�+�xq#��*-*-�Vq��� !u4�.��*-*��R"�Uxe6�PU��/�R�� '$58434"k�� !)��P��a

; "#' ')�(A�� 3
��� ��$���� ��$

(bab)∗b(bab)∗ ∩ C(X) = ∅,

(bab)∗ab(bab)∗ ∩ C(X) = ∅
� �

(bab)∗ba(bab)∗ ∩ C(X) = ∅


 ����$ ��
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�(
.-�"*)�$ � )�����)Y84 !*L�-34*��R�.$4����*����R)+ !$gQL)+"#�� '*-��%'%'�|"�)+%!�/��*L�P�S"6 '��%'�.*��PU5a@���.OL"Y (�PU+U�$
v ∈

{b, ab, ba}
Q-�7��3���"6 !���+��$|"6 !�.%!��U

(bab)∗v(bab)∗
a}
�*-)� !�P���/�R��] �n�-��U�"#�� !"6 '%!%'��"�)+"�)�$K�� '*10

%!35qY34 '%!%'�
n, i ≥ 0

)+$¤q+)� '�/��*-*-�
(bab)nv(bab)i /∈ C(X)

a��
35$
n = 0

)+$¡"��� '"6 !%'%'�
"�)+"�)�$K�� !*-%'3�q�35 '%'%!�

i ≥ 0
q�U� (���

v(bab)i /∈ C(X)
q+)+ !����*L*��5a

���




�%!���-���P����$`$6e6��]+�n�-�PU�"��� '"6 !%'%!��"�)�"�)+$K�� !*-%'3�q�35 '%'%!�
i ≥ 0

q�U� (���
(bab)nv(bab)i /∈ C(X)

XKU#���.�E�� !$K�5]5"634$
n ≤ k

QL)+%!%'�� ($&"�)+"�)+$4�� '*L%'35qY34%!%��
k
a ~+)�*

n = k + 1
]4$KU��.�R�R��]4�n�-��U

(bab)k+1v(bab)i · (bab) ∈ X0X,

�d35�L�P�

(bab) · (bab)kv(bab)i+1 /∈ XC(X),

*L '%'%'Uj '$58434"k�� !)�02)+%(���-34"6*-�.$��`35"#�+��$
(bab)kv(bab)i+1 /∈ C(X)

a
�� ' !*-XKU

(bab)k+1v(bab)i /∈ C(X)
]�QL)����.$

Y1 ∩ C(X) = Y2 ∩ C(X) = Y3 ∩ C(X) = ∅.

; �����&" A�� ;�� � " ���*���
X = {a, bb, aba, bab, bbb}

) ����$ � ����"*).� ��$ $%
 � "�
��

C(X) = X+.

�(
.-�"*)�$ � )��J	}��34*-���.$�q�U� (����)+$�*L34)+O��`*-�.35O���34*���84�.%(�PUxqY !*L�PU`%!�.�R�/)� !*��P�5]�*- !%'%'U

C(X) = X0 ∩ C(X) = (X
+ + Y1 + Y2 + Y3) ∩ C(X) = X+.

9 " ��+C����� A�� A�� �� '�.%!�.$
Y = {a, bb, aba, abb, bab, bba, bbb}

*-��$6�-O���%! '*������-�-)+O- 4)+$/�de�i+*�0
"6 '$

C(Y ) = C(X) = X+.

�(
.-�"*)�$ � )��J�� !�.%(���.$
Y
Q-�
X
z+��$4�.OL)+ '�/���jX434)�%' !OLeYu4�/U��j)xq����`*-���/����]���%' 

Y + = X+ ]
*L '%'%'U

X ⊆ Y ⊆ X+ a@	} !*�U�"6*L J%'��34*-���.$¤_�a � $4)#Q-��%!%�� C(Y ) = C(Y +) = C(X+) =

C(X) = X+ a

� 
�� � ��� � � ��� ��� ���
����OL"#��*L�-�.%!%��+��${]��R !�-�.$�"Y ! '$k��)+X5 '*����.�R���-)Y84 !$�*L34)+O- (��34*j���-�.$4������84�.%!%�U�)�%'�nq���%!%���"6 '��%'��%'%'U

X
Q-�V�R '�n�� (�PU�U�$ ]5�R '"6*-  �/�n��)Y84 {X4U+U��2eYe&XkeY*�U�uk�1eY�/U��-�-i+�/U+U�$� (����O-)+ !$6�� ( !${a

� f



�=�� '"6"#�
��35�-"6 !�-�-3�"6 !�.%! 
X
)�$7U+U�O-��%'%! !$4��$�Q-�E*-��$7*-�.$k��O-��%' !*��+���L��)+OL K)+$�$5 ' '$5"Y !$VeY"6*- '$Y0

"���OL�P�� '$4��$r"634 '$
X+ ]��� @*L !�PU�*��+�#��3r%'��*-"����-�-3K��"6 ! '$k��)+X4 !*L�-�.�R���-)Y84 !%(%'��U+U�O-�.%!%' (*-��%'%!U� !�-�n0

O-�+���� !)+"���OL��)#QL�.$S�/U+U�O-U�%!%'U�a}�Ye6eY$KU�"Y ! '$k��)+X5 '*����.�R�n��)Y84 !$|u634)+$4)Y)+$y�R�.$4��*L�2eY"Y*L�.�.$r�PU�*10
*-Um�P��X4��34"6*-��*-*��tq+)+ !8K�+��$¤X4 !��U+Ur*-��$o"ke6q6eY�L��i+�je6e6�-�PUM !$48435"6�- ')Y)+$ a�~�)+*���*- '�R�.OL"6 '"6*- 
"#�� '"6"6  "6 '��%'�.$

(bab)∗ab(bab)∗
*���$K����"6 !O QL)+ (�������+��$���%���OL�.34$4��*L���dU+U�OL���-�-i+�R ' ($
Q-���-"Y3�q���$

"�)+%!�R ')�$��`35)���)Y)+$ ]�"635����$|"635q���*L*����5]�q+)� '8K����$B"6 ! '$6�-)+X4 !*L�-�.�R����)Y85 !$�������$4�.�R '*��PU�uK��0
q��� '$4$5)+%'%! !*��P�+��*L�.34O-�+�xq#��*L�� �a���34$t��$4*- !�/�/U� !*-��*-*-U|��*-"��.%!�.��*-*��|*- ' !O-O�eY��U+U�$r"6 '��%'��*L�PU

X0

ab

ab(bab) (bab)ab

ab(bab)2 (bab)ab(bab) (bab)2ab

ab(bab)3 (bab)ab(bab)2 (bab)2ab(bab) (bab)3ab

ab(bab)4 (bab)ab(bab)3 (bab)2ab(bab)2 (bab)3ab(bab) (bab)4ab

�

�

�

�

�

�

�

�

�

�

�

�

�

�

���35q��R�5�K�� '��%' 
(bab)∗ab(bab)∗

"�)+%'�R !)+$7�`35)���)Y)+$&"6 'O QL)+ !�-���-�-34$K�5a

"6 '��%'���.$
X1

]k"#��O-*- (�P�+��$V"�)+%'�R !)+$`��*- (�-�PU���U�*��PU=QL)+34"�)+*��P�
X�)+ !*.]+%'���R����$V^5a _
�d34"#�� '*-��*L�- �]
"6 '��%' 

ab(bab)∗
a��J)�%'�R !)�*L����X�)+ '*���343r*- ' !*Hq���*-�.�R�/��$4X434)�%'�� '$4��$rX4 '$k�P��"���O-OL)+*d"635q���$ �

q���*-�.�R�/��$4X435)+%'�� '*- !�V�/��$7"635qY ')+$����xq+)+ !${aK���.34O-�+�xq#���� !�-�.O������� !)+$&��*-"���%'������X6e6eYu4"6 !q�U#�
*-���/)� '$S"634"6 '$yqY34)+O-)�%'%'�+��$7Q-U�% QL��%'%'U&)�%'��q#��*L����"�)�%'�R ')�*L����X4 !$6�P��"��.O-OL)+"6*- '�5]}"635�-�.$r%'���V0
�/��$j^5a@?J '$48534"k�� ')���)Y84 !*L��35"Y*L�.*L*��5a��J)+*L"#�J"�)+%'�R !)�)+$d��%'��O-��34$K��*L�P����$jU+U�OL���-i+${]� !�-�.O������� !)
�� YXKU+U#�1eEU�U�O-��%'%! !*-��%'%!U���*L"��.%'�/U+U�O�U�%!%'U�].q�����$�Q-���-"Y353j%')�X435�-�-)+�R ! !$ ax	���*-"��.$k�P�J���-�.$4���@q���*10
���+�xq#��*L�� ��je+i�*�"Y !�.%! '%!%!U

(bab)∗ba(bab)∗
Q-�
(bab)∗b(bab)∗

]K"635����$�)+$�uK��q��� !$4$4)+%!%! !*L�-���L��3
"635qY '*L*�� � h�Q-� ��� ac
�*��/$KU� !*L�PURX5 '$6����"��.OLO-)+"6*L '*L���/)+$�"�)�%'�R ')� !%(%(��e�uk���� '*- 'U5] ��*- '�R�.OL"6 '"6*- 

(bab)ab(bab)∗ = ba(bab)+
a

�
 ! '$k��)+X5 !*L�-�.�R���-)Y84 '��q+)+ !8K�+��$�"�)Y���-���+�B$5)+X��.35�L�P�+��q���%! !��*L�.�/��%!%!�� !����O-)� '$4$4 !$���%')� (0
�-34*-"6 '��%'��"Y*L 

X0

QL)�$4"6 '$R"6 '��%!��U
Pref(X+)∩Suf(X+)

*-34X5X������R����${]k*-��$6�-O���%! '*������-�-)+O- ($
*L '*�U�%!�PU�q�U�$ ]4"6 '��%'��${a5�Z)+ !�/�R���.*L '�R�.OL"Y !"6*- ��R�.OL"6 !�PU

Bp = {w ∈ Pref(X+)|wPref1(X) ⊆ Pref(X
+)} = B

Bs = {w ∈ Suf(X+)| Suf1(X)w ⊆ Suf(X
+)},

� _
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��35q�� � � �� !�.%'��$
(bab)∗ab(bab)∗

)+*L '��$�X�)+ !*L��35�/ !$4�.$& !�-�.O-�+���� !)+$7�.84�n����*-*�U5a
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X0 → X1
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��35q#� � h5�K�� '��%'��$
(bab)∗ba(bab)∗

)+*L '�.$�X�)+ '*���34�R '$5�.$& !����O������� !)+$7�.84�n���.*L*�U5a
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3�q�� �+� �K�� '��%'��$
(bab)∗b(bab)∗

)+*- !�.$�X�)� '*L�-34�R '$4��$� (����O��+���- ')�$&��84���-�.*-*-U5a

� ?



QL)+%!%!)+ ($
Bp

)+$|*- ! '*�uK����O-)+ (�-�-34�R !*-X5 '*����� '84��$/QL)+34"6"�)dQ-�
Bs

q���*��P�+��q���*-3��/"6*L '�.$���qY34%'%'�
�d34)Y84)�*L���n�-�-3dQL)+34"6"�)4a ��eY��q+)+ !�R�/�Jq���%! !�P�

X0 = Bp ∩Bs,

*L '%'%'U %���34*-���.$ ?4a _ �-)Y84 '*���34"6*-��$ X��.OL34*L�����.%!%��
C(X) ⊆ B = Bp

Q-�£q���*��P�+��q���*��� 

C(X) ⊆ Bs

a���34 !�-�.$4"6 !$t��*- !�/��O-"6 '"6*- s�.85�.%'%'U�����O-"#��*L����%'%!34$m"6 '��%'��$
X
"�)+u48K��%!%�����U�%'%'U

��%!)+ (��35*-"6 '��%'��$7q��� !u484)+"6*-��%'%'�`�� �)+%'��*-3434O��P�V�R�.O-"6 (�1eY*L��U5]4*- !%'%'U

(
Pref(X+) ∩ Suf(X+)

)
\ (Bp ∩Bs) = ab(bab)∗ + (bab)∗ba,

QL)+"��VX�)+ !*L���n�P����$��`3535����$4"6 '$dQL)R��*L"��.%!�.�.$
X0 → X1

eYuk����eY84��*-*�U5a

�+�



� 
 � � � � � � ������� � � 
 
 � ���

�$�)+%!�.�/��*L*��R�je+i�*-"6 '$�O����- ')+$K����%! (*- '�`"6 '��%' �U�]#QL)+ '%!%!�V"6 ! '$k��)+X4 !*L�-�.�R���-)Y84 ��� �X6eY*-U�u485e`Q-�
QL)+ !%!%'�j*-�.$k��O-��%' !*��+�#�-��)�O-  �� })�%'�

X+ a l�O�U�*��PU�%'%'�� ($4�.$&"Y !�.%! {)+$ X = aΣ+b+ bΣ∗ba
]K*- !%'%'U

%'��*-"�������%'%'��"6 '��%'�n�
X+ Q-� S $4U�u48KU+U�${]��n�-�PU X+ 6= S

]�QL)�����$
X+ ⊂ C(X)

a���U�%'%'�="6 !�.%'��%(0
%!�H[�O��� !%�¥d� %!%!�d*-35)+O- (�����-34$�"6 ' '$k��)+X5 '*����.�R�n��)Y84 !$&��O- {q��� !u4�. !84�.$���35��)+�/�+�#�-�� !��$&�- '%'���/U�U#0
OL �U�)+$E%'34�n����%!��3��P��34%'34"�)�*-*���_5ax����34%!34"�)+*L����"�Uxe
 !%'�R ].���L�PU�"6 '�.%!�.*��PU

X7
%�U�u6�� !�.$
"634%!%���"6 !$

%')�X4X435�- '%�a �- '%!)#Q-� *- ! 'O��1eY�R 'U

X
f b � ?

X0

f ? �

X1

? ��� _+h

X2

^ � ^ _kf

X3
� f ? ?k�

X4
� _ _+_ ^+^

X5
� � ? ? �+�

X6

f�_ � _ � h�^

X7

f � ^kb � _ ?

X8
_+_ b � ��� h

X9

_kb �+_ � ^�^

X10

? � �5� � �+f

X11

? � �+� �x� �

%')+X5X435�� !%�a �� !%')#Q-� *- ! 'OL�2eY�/ !U

X12

? � � hkb f � ?

X13
� _ �+��� f�_�h

X14
� b � f�_ f ?+^

X15

^ � � _ � f�^+f

X16
^ � � _ � f+b��

X17

^ � � ?6b f � ?

X18

b�_ ���+� _ � h

X19

b+b � ^+_ _kf�^

X20

� � � b � _ ?kf

X21
� � � b � _ � �

X+ ? � f f,?

S
� f,? ?k�

Z
� h f�� � ^

����34%!34"6"�)R_5�K�� !�.%!�.�.$
X = aΣ+b+ bΣ∗ba

%' ! (�-�2e6qY �UH"6 '��%' �UEq���*L�P�+��qY '��$���35��)����+�#�-�� !��$
�- '%���0cQ-�`*- ! 'OL�2eY��U��/U�U�OL 'U�a

��*L"��.%!�.��%'%��Rq���*��P�+��q���$|��35��)��������� !$��- '%'���RU+U�O�UR"#��*�q��+�&"���u484��"6*���%!%��5ac����O-"���*L�-�.%!�.�/��%'%'�
��3���)+�/�+���L���1Q-�`�P��OL"��.�R�R '$�u634)+�/���P����${] ���L�PU/$4�j*�U� !%!e6�-��Uxq�U#�J�d3435����$B*�������$�O-��"��.$Y0
�-�.�.$ ]4�d3��-�P��QL)��-"Y !$7)+*-������35�-)+�/�+���� !*��P�E%��+��QL��$4��q#���s�� !���2eY$&*-U+U�$4$5i+$&�d34"#�� !*-��*L�� �a���3�0
q���*-*�� � fd�.*- (���n�PU+U�$�"6 !�.%'��$

X11

O����-"#�� !*-��q#����)+*-����XKU+U�X4 ' !OL���� !*-*-U+U�${a5��3���)+�/�+���- '*L*��`)+$
"#��"Y*L 5��O- '%!%! !*��PU �2"���� QL3K����]�QL)���"����R)+%!�.�R�R����"#��*�q���q�����$5�.% Q-U�$H�� !%���$�Q-��"6*-)+ !*-*-�5a+~�)�"#�� '*L�.%!%��
 (���.O-�+���- ')�$R��*-"��.%'���.%!%��
"634�RXK�+��$4"6 '$/"���� QL3534$��-34%'����$4��% Q-UsQ-��"6*-)�$��d34"��� '*��P���- '%�����%! '*-U+U5a
�=�� '$¤"��n� QL3#QL��$¡q� ! '�R�. !*L�����- '%��#��X�)+ '"6"��.�xq��#��u4 '������$ �d3434$¤)+*���$¡"#�+��q���*L���5a��\����O��+��0

� ^



�- ')+$��.84�n����*-*�UV"��n� QL34$&XKU+U���*L ' 'O��1e6q�U#�seYuKUd"#��34�.�R�/��*}Q-�d"���34���/�/��*.aY��U�%'%!i+ !$/"#��u485�.$
X���O�U�"6"#U� !*-��$t"6 !�.%'��$r�.OL)���35"Y*L�.��$M"63434%!35q����d*-��$K���d)xq����jeYuKU�X4 '84���/X5 �UdQ-��X5 '84���/X4 'U5a
��34$� (����O-)+ !$4$4 !$���*-"���%!����$��/U+U�O�U`%'U�u4�.$5�.�HU+U�O-���-i+$k�PU5]4%�U�u4��$4�.�
"���� QL3#QL�.$�X5 !��3534*JU�U�O-��0
�-i+$6��U�Q-�V"���� QL35�Jq+)� '8K����$�"�)+OLq#���P�R*L '%'�d35"#��%!%!�5a4��U� !$�q+)+ '84�+��$��.*L '�R�.OL"Y !"6*- }"6 !�.%(�PU

X11q���*L�P���xq���*-*��B��35��)+�/�+���- !*-*-��*L ' !OL�2e��/U
98

b
−→ 13

"�)+O�q����P��*- ' !OL�2eY��U�%(%'U
98

b
−→ 95

Q-�
*L ' 'O��1eY�/U

93
b
−→ 13

"�)+OLq��#�P�/*- ! 'O��1eY�/U�%!%!U
93

b
−→ 87

*L�."�U7%!)+X434"6*- }�/ !$4 !�R)� !8K�`*��+���-3
��3���)+�/�+���L�� �a��EU�e6���n�PU+U�$N�R�.OL"6 '$6��U+U

Z
��U��/U�$N��35�-)+�/�+���� !$r��34$4$4 !*L�����/��*L�P�g"Y !�.%!�.*10

��U5a���U��/U�$B��35�-)+�/�+���� !$��� !%')#QL��$`Q-�/*- ' !OL�2eY�/ !��$��/U+U�O�U#�J)�q#�����de+i�*-"6 '$��P��34%'34"�)+*-*���_5a
�� '��%'��$

Z
O-���� !)+$K����%! ($4�.$S%'��34*-��"��/)+$y '%!�R�. (*-�.*��� !"Y !$�QL)+$4"6 '$|q+�.O-O-��$��R)+$4 !�d35�-"#�� !*-���`0

X4 �]6"Y35 '$��.*L '�R�.O-"6 !"6*- �"6 '��%'�.$
X+ %���34*L�."���a4����$&*L�.%(q� (�-�PU��/ !$5�.$/)+$7��3���)+�/�+���- !$V�� '%'�#04Q-�

*L ' 'O��1eY�/U��RU+U�O�U�$�qY34)+"6*- �"634 (���.$5"Y !$|�R�.%!"�)7�2e+i+%�U�*��-�.uk�PU�q�U5a}
�%'�n���n�-�P��q���*��� D"634 !�-�.$4"6 '$

Z = C(X)
a�[�O��� '%�¥�q���u6qY !*L�P���R�� !$K��"6 '${]����-��U

X+ ⊂ S ⊂ Z

Q-�`���L�PU
Z
"�)+�R�`3���)+  "6 '��%'��$

X
"#��$5*-*���]�QL)�����$�q���OL����*L�� 

X+ ⊂ S ⊂ Z ⊆ C(X).

�E�� '"6 '%!%!�J"6 ' !$6�-)+X4 !*L�����R����)Y85 !*-*���XkeY*�U�uk�1eY�/U��-�-i+�/U+U�$d !����O��+�#�� !)+$�QL)+u6���xqY !%'%'��"Y !�.%! '%!%!U
Q-��"6*L)+%'%! !*-3434*��. �)�%'�E$KU� '$�*-��%!q�U�*��� �$KU�u6�PU�qY '*L*�U5acl�*- '�R�.OL"6 '"6*- �"6 '�.%!�.%!%'U

X = ΣaΣ∗aΣ +

ΣbΣ∗bΣ
 !�-�.O������� !)+$ ��*-"���%!����$¡�- '%'���/U�U�O-U���"#��*Lq���q�����"���"6*- !q#�� 'u5�. !*-�.*��� �a�~�)�"#�r��)� '*-��%'%'�

��*L"��.%!�.��%'%����� !%����/U�U�O�U�%! '*-U+U�$6�2e6ed"#��u484��%'%'����)� '*��P�@Q-�sQL)+"��
��)� '*L�.%'%'��%' !*�U�e�*�)+$/"#��u584�."6*���$�0
�-)+ '*��P�d�- '%'�+��a

� U�OL�.%'%! !*-��%'%!U�"6 !�.%!�.%'%'U
X = {a, bb, aab, aba, abb, baa, bab, bba, bb}

�P����*Z�- '%����/U�U�O-U�$
"#��*LqY3y�� �$KUxe6��U7q���"6 ' !$6�-35q���${]{�� '$K��"��+��$BqY ! '84��%'%'U�"ke��R�R��$4�.%!%'U/�.$5*- '�R�/U� !*-��%'%!U� (���.O-�+�#0
�- ')k��*L"��.%!�.��%'%'�5a.	� '*-U�"6*- �QL)�"#���-)+ '*L�.%!%�����*-"��.%!�.��%'%'���- '%����/U�U�O-Us"#��*�q��+�DQ-��QL)+"#����)+ !*-�.%!%'�@q�U�u4��0
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